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Abstract 

We complete the construction of the Moyal star formulation of bosonic open string field 
theory (MSFT) by providing a detailed study of the fermionic ghost sector. In particular, as in 
the case of the matter sector, (1) we construct a map from Witten's star product to the Moyal 
product, (2) we propose a regularization scheme which is consistent with the matter sector and 
(3) as a check of the formalism, we derive the ghost Neumann coefficients algebraically directly 
from the Moyal product. The latter satisfy the Gross- Jevicki nonlinear relations even in the 
presence of the regulator, and when the regulator is removed they coincide numerically with 
the expression derived from conformal field theory. After this basic construction, we derive a 
regularized action of string field theory in the Siegel gauge and define the Feynman rules. We 
give explicitly the analytic expression of the off-shell four point function for tachyons, including 
the ghost contribution. Some of the results in this paper have already been used in our previous 
publications. This paper provides the technical details of the computations which were omitted 
there. 
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1 Introduction 

Witten's open bosonic string field theory its operator version and its split string reformu- 
lations 131 El El El ) led to the development of the Moyal star formulation of string field theory 
(MSFT) during the past two years [7]- ^21- This formulation has the following features: 

1. The star product in Witten's string field theory is mapped to the Moyal star product [71 
after an appropriate change of variables. The string field A{x,Xe-Pe) in the new basis is 
a function of the string midpoint x and the phase space {xe,Pe) of even string modes e = 
2,4, 6,---. While Witten's star product, written in terms of Neumann coefficients is 
very complicated to manipulate in computations, the Moyal star product in MSFT, which is 
diagonal in mode space labelled by e, is the simplest form of the star product that occurs 
in standard noncommutative geometry. This feature vastly simplifies the structure of string 
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field theory and is very helpful in explicit computations. 

2. The change of variables introduces a set of simple but infinite matrices Teo, Roe, Vo,We, labelled 
by e = 2, 4, 6, • • • , and o = 1, 3, 5, • • • , which contain basic information about even (e) and odd 
(o) string modes. These matrices obey a matrix algebra that has an associativity anomaly, 
which in turn feeds into an associativity anomaly among string fields [S]. The origin of the 
anomaly is the infinite number of string modes that cause the appearance of ambiguous terms 
of the form oo/oo. In order to resolve this problem, we proposed [Hj IHI a regularization by 
truncating the number of the oscillators to finite 2N, and defined a deformed set of finite 
matrices T,R,v,w as functions of the oscillator frequencies Ke,Ko of the 2N modes. After 
such regulation, the associativity is restored and all manipulations become well-defined. The 
original open string field theory is restored by taking the original frequencies, 

and the large limit at the end of the computation. Through explicit computation of 
specific examples, it has been shown that this regulation procedure correctly reproduces 
results computed independently in conformal string theory. 

3. In the regularized basis, we computed the Neumann coefficients analytically by using only 
the Moyal product. These coefficients are not needed for computations in MSFT, but they 
provide a check of MSFT relative to the operator formulation given in [2]. We have shown 
that the Neumann coefficients derived in the regularized MSFT framework satisfy the Gross- 
Jevicki nonlinear relations, and thus provide a generalization of Neumann coefficients for any 
set of frequencies Kg , Kq and any N. This provided the first consistency check of MSFT . 
Furthermore, we found that the Neumann coefficients for any n-point vertex are all simple 

1/2 —1/2 

functions of a single matrix teo = TeoKo ■ Diagonalizing the matrix t diagonalizes all 
the Neumann coefficients simultaneously for all n-point vertices _^9j. At large A^ our diagonal 
form agrees with the one given in |13j jl4j . and explains in particular why there is Neumann 
spectroscopy for the 3-point vertex U^, and generalizes it to any n-point vertex [^. 

4. One of the nice features of MSFT is that the star product is diagonal in mode space (i.e. 
independent and same for each mode). The only cost for this simplification is that the 
kinetic term given by the Virasoro operator Lq becomes off-diagonal in mode space (xe,Pe) 
jnj. However, this has not hindered explicit computations. In particular, we have derived 
the Feynman rules, including the propagator (Lq — , and shown that we can evaluate 
efficiently and explicitly the Feynman graphs in open string field theory |lUj . 

5. The off-diagonal part of the kinetic term depends on a specific combination of momentum 
modes, namely p = {1 + iBw) X^g'u^ePe which we refer to as the "anomalous midpoint 
mode" |S] jllj. This mode appears in the kinetic operator in the form Lq = 7 -|- • • • , with 
7 ~ p^, while the remaining part of the kinetic term is diagonal in mode space. We named 
the term 7 the "midpoint correction" . We found that if it were not for this midpoint 
correction, the rest of the kinetic plus interaction terms would define a theory, equivalent to 
an infinite matrix theory, that is vastly simpler and completely solvable jl2j . However we 
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determined that the 7 term is essential for the correct definition of string field theory. Thus 
we have isolated the hard part of string field theory in the form of the quadratic "midpoint 
correction" term 7. We have shown that all classical solutions, including the true vacuum, of 
the interacting string theory, are obtained analytically by first solving the nonlinear equation 
explicitly by ignoring 7, and then including the effect of 7 in a closed formal expression that 
can be evaluated to any order in a perturbative expansion in powers of 7 jl2j . 

In our published work so far, we have demonstrated all of the above results explicitly mainly 
in the matter sector. We have implied, and sometimes explicitly included, the corresponding 
contribution of ghosts either in the bosonic ^9^ or fermionic |1U1 \1'2\ version but the details were 
not given explicitly. The purpose of the present paper is to provide all the relevant material on 
fermionic ghosts which we used previously, in an organized and comprehensive manner. In this 
sense, this paper completes the basic formulation of MSFT. 

Because we will try to be quite explicit, the content of this paper will be rather technical. The 
construction of the Moyal product for fermionic ghosts is basically parallel to the bosonic case 
[ZllHllSj; except that we need to be careful in some minor differences, including midpoint issues, 
which appear in the ghost fields b, c. 

The first point relates to the boundary conditions. While we needed to consider Neumann type 
boundary conditions for the matter fields (open strings on the D25 brane), Dirichlet type boundary 
conditions appear for the ghost field. Therefore, the Fourier basis is different. The regularization 
method developed in [SI IHI was based on the Fourier modes, hence some care is needed to make 
the regularization compatible in the matter and ghost sectors. The regularization developed in this 
paper can be applied also to the treatment of the matter sector for lower Dp branes {p < 25). 

The second point relates to the overlapping conditions of split strings. For the matter fields, 
we have to treat only overlapping conditions for the split string degrees of freedom. For the ghost 
fields, on the other hand, we should also consider the anti-overlapping conditions. This induces 
some changes in the mapping of Witten's star to Moyal's star. 

The third point is the fermionic nature of Moyal variables. The usual bosonic derivatives which 
appear in the definition of the Moyal product get replaced by derivatives of fermionic variables, 
and care is needed in the ordering and signs. 

The fourth point is the treatment of the midpoint mode. This is a rather delicate issue since, 
as in the matter sector, it cannot be determined from the split string formulation. The fermionic 
midpoint mode is not part of the Moyal * product, and it is integrated in the definition of the 
action. In the Siegel gauge, the dependence on this extra fermionic variable becomes trivial, and it 
drops out in actual computations. 

We mention the work of Erler jJB] where he defined the Moyal star formulation for the ghost 
system mainly in the continuous basis jl4j.^ There are overlaps of the current paper with his work 
^There are some works on Moyal structure of Witten's string field theory. 
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especially in the second and third points mentioned above. The correct treatment of the midpoint 
appeared first in our work jJOl) and his paper was modified subsequently. Beyond the preliminary 
level, for correct computation with ghosts, the results of the present paper are needed. 

The definition of the fermionic Moyal product outlined above is given in section |2 Because of 
its technical nature, we first summarize the fundamental formulae at the beginning of the section, 
and explain the full detail in the subsections. Readers who wish to skip the details of the derivation 
can proceed to later sections by skipping the latter part. In subsection 12.11 we first discuss the 
issue of boundary conditions in general for fermions and the corresponding regularization scheme. 
We also give a brief review of [HI in appendix ^ Together with it, this paper provides the basic 
formulae for both the ghost and matter sectors in a compact form. We then discuss the mapping 
from Witten's star to Moyal's star in subsection 12.21 Finally we apply these techniques to the 
actual be ghost system in subsection 12.31 and derive the correspondence between the conventional 
oscillators and Moyal variables in subsection 12.41 

After this preparation, in section |31 we define the monoid algebra among gaussian string fields, 
which provides a useful tool for computations (this is almost a group, except for inverse). We com- 
pute the star product of n monoid elements, which as a by-product give the Neumann coefficients 
in the ghost sector. These were conjectured in by using a nontrivial relation with the Neumann 
coefficients in the matter sector. In this paper, we derive them directly from the fermionic Moyal 
product. They satisfy the Gross- Jevicki- nonlinear relations exactly for any frequencies Ke,i^o and 
any A^. This fact confirms the consistency of our construction including the midpoint prescription. 
As in the matter sector, they are simple functions of the matrix teo for any n-point vertex, and 
they can be related to the corresponding matter Neumann coefficients by the simple procedure of 
replacing the matrix t by its inverse. 

We also give the direct numerical comparison between the analytic form of the Neumann coeffi- 
cients Ai obtained from conformal field theory and our algebraic expression. We confirmed that the 
approximate value for finite N converges to its exact value as A^ — > cxd with the following universal 
behavior, M.nm{^) / -M-nmicft) ~ 1 + anmN~" where the exponent is approximately a ~ 1.33 for 
matter sector and a ~ 0.67 for the ghost sector for any components of the Neumann coefficients. 
While this analysis is of different nature from the other parts in this paper, it is included here since 
it gives strong support on the consistency of MSFT in 9 and this paper. It also provides the basis 
for numerical computation of MSFT in our future study. 

In section 0] we apply the formalism. First, we present the derivation of the open string field 
action in the Siegel gauge by including both matter and ghost fields. This action was the starting 
point in our recent work jlUl 112j where we used the results of the present paper without providing 
the details. Finally, we also compute the ghost contribution to the Feynman graphs for the four- 
point scattering amplitude for off-shell tachyons, whose matter sector was discussed in jlUj . 
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2 Moyal's star from Witten's star in fermionic ghost sector 

In this section we construct the map from Witten's star product to the Moyal star product for 
fermionic variables. The fermionic version of the Moyal ★ product was called "anti-Moyal star 
product" in the literature p[S^^. More general star products have also been considered in the context 
of deformation quantization of super-Poisson brackets • The anti-Moyal star product will simply 
be referred to as the Moyal star product in the following. A first basic construction for the ghost be 
system, following the one in the matter sector j7j, was previously discussed in ^B], while the correct 
treatment of the midpoint was first given in 10'. In this section we give the complete treatment, 
including the consistent regularization with the matter sector. 

We also define the even basis of ghost modes that is most transparent for our computations, 
after defining some other bases as well. We first summarize the main results of this rather lengthy 
and technical section: 

• The Moyal acts on fermionic ghost modes ^ = {xo,Po, Uo, Qo) (o = 1, 3, 5, • • • , 2N — 1) as 
(AkB)(x p y q)=Ae^p(-y ( — — + —— + —— + —— 

(2.1) 

where 6' is a parameter which absorbs units, and if desired, could be absorbed away by a 
rescaling of the variables which amounts to a choice of units. We note the canonical structure 
{xo-,Po>}i, — (^'^oo' = {yo,9o'} • This odd basis (o) of ghost modes, which was used in ^01; is 
naturally defined in the process of mapping the Witten star to the Moyal star, including the 
treatment of the midpoint. However, a more transparent basis that is more parallel to the 
matter sector, which simplifies the overall formalism, is obtained by rewriting the odd basis, 
through the following linear canonical transformation, in terms of an even basis x'^,p^,x'^,p'^ 
(e = 2, 4, • • • , 2A^), where the labels b, c refer to the modes of the usual b, c ghosts 

Xg . — Kg ^ ^ SeoXo , Pg • — Kg ^ ^ S^oPo ; . — ^ ^ T^QyQ , Pg . — ^ ^ Qol^oe ■ (^•^) 

o>0 o>0 o>0 o>0 

This even basis is different than the one defined in ^j. The Moyal product is rewritten as 

(^.5)(xg,pg,xg,pg) = vlexp ^- g (^^^ + — — + + — — j j . 

(2.3) 

We note the canonical structure {^^gjPg/}^ = 0'5f,e' = {^ejPe'l*- The linear transformation 
matrices, T, R (and matrices U and vectors f , w which appear in the following) were defined 
in [S], while the matrix S appears for the first time in this paper. Their properties are derived 
explicitly in subsection l2.1l They play a central role in MSFT since they define a Bogoliubov 
transformation from the oscillators in the operator formalism to the Moyal coordinates, and 
thus carry essential information about string theory. For instance, see Eas. ()2.4l2.6() in the 
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next paragraph. For the moment, we just mention that they satisfy the inverse properties 
TR = RT = SS = SS = 1 which prove that the two versions of the star product (|2.1|) and 
()2.3() are canonicahy equivalent. Throughout this paper, the bar (~) means the transpose of 
matrices or vectors. The relation of split strings to the Moyal star is discussed in subsection 

• In the operator formulation, the ghost sector of the string field |^) is represented in the Fock 
space of the be ghost oscillators. The transformation to the Moyal field A (^) as a function 
of noncommutative coordinates = {x,p) is obtained through the Fourier transformation 
of the coordinate representation of |^'). The whole procedure is more neatly expressed, as in 
the matter sector [Sj, by the inner product with a particular bra state {^q,^i,(,2\ in the Fock 
space, where .^i = {xo,Po) ,(,2 = {yo,Qo) are the noncommutative fermionic coordinates, and 
^0 is a fermionic variable related to the zero mode dependence of |^) 

{Co,^u^2\ = -2-2^(1 + iDu;)-3(17|c_ie-««(^o-^'^^=)e^^^'=-'^°^°-2^«i*^o°'6-fiAi-6A2^ (2.4) 

i(Co,6,6) = (Co,ei,6l^)- (2.5) 

Here (r2| is the SL(2, R) invariant bra Fock Vcicuiiiii, bfi^ 8.rG th.6 conventional ghost oscillci- 
tors, and the matrices M^^ and A are defined as 

\lo \ . ^1 -'^^o \ ^ =1 -^^o \ 

^[SR)^,)' ' [2^Soe{-V2K + W,Co) J ' ' [-'-fRoeCeJ' 

(2.6) 

The matrices 

w^^S^oiRoe cire functions of the oscillator frcQuencies k^^Kq as given below. 
Through Eas. H2.1l2.4p we map Witten's star (^^) into the Moyal's star -k as follows 

(^0,^1*1*^^2) ~ (Co,ei*i)*(Co,el*2> , (2.7) 

1*1 ^^^'2)3 = l(*l|2(*2|V^3)l23, l(*l|=14(V2|*l>4, 2(*2|=25(V^2|*2>5.(2.8) 

We note that the product is local in ^o, while ^0 plays a similar role to the midpoint coordinate 
x'^ in the matter sector. The Moyal star reproduces correctly the three string vertex IV3) and 
the reflector IV2) of the operator formalism 2 . The details are given in subsection 12.31 The 
precise correspondence including the zero mode is in section |21 

• Eq. (|2.4|) is enough to derive the connection between the conventional operator formalism 
and the Moyal star formalism. For example, the action of the standard oscillators on the 
Fock space field |*) can be rewritten in terms of their Moyal images acting on the field 
^ = (Co;^i;C2|*) through the star product, as follows 

Sol*) ^ -ioA, 
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Com ^ + , (2.9) 

where P^, f3^ are fields in Moyal space whicli obey oscillator relations under the -k product 
Po ■■= \ (l^lol - i<o)x\o^ , PI := i - i^e(o)P|o|) , {PIPI'}. = ^o+o' ■ (2.10) 

On the other hand P^,/3^ are not independent from the Rather, they are their Bogoli- 

ubov transforms which obey the following relations 

Pe = E ,P'e = Yl ^<^'-oPo , {Pi /3e'}. = ^e+e' , (2.11) 

o o 

and {P-oiPe}^ = Ue,-o where the matrix C/g.-o will be given below. With these formulas, 
one can directly translate operators in Fock space into their images which act in Moyal space. 
The proof of these formulas and some variants are discussed in subsection 12.41 In this way 
we derive the explicit form of the Virasoro operator Lq which acts in Moyal space 

2N 

Lo = Y.^k(^-kPt + P-Jl) (2.12) 



k=l 



4 dpodqo 



\o>0 / Vo'>0 / Vo>0 / 



This was used in ^21 GH. Here P\-,P1 are not the Moyal fields P^Po Pe^Pt given in 
Eas. (|2.1UI2.11|) : rather, they are differential operators that obey the standard oscillator rela- 
tions, and which are derived from the star products of the fields Po, Po or P\,P^ as will be 
shown below. 



2.1 Half string formalism and regularization 

We start from full string functions iI^{(t), < o" < vr with Dirichlet boundary conditions at o" = 0, vr, 
and discuss their split string formulation in the interval < cr < 7r/2. Such functions have a 
Fourier expansion with only sine modes in the full string formalism. By contrast, the corresponding 
problem in the matter sector involved only cosine modes because of Neumann boundary conditions 
at fj = 0, TT. We collect the basic formulae in the appendix lA.ll The essential step was the 
construction of the regularization [HI |3| which is needed to avoid the associativity anomaly. We 
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give a regularization of the ghost sector for the sine mode expansion which is compatible with the 
previous results. 

A full string function 'ip{a) which satisfies Dirichlet boundary conditions ip{0) = iP{tt) = is 
expanded as 

= \/2y^ sin no" , Vn = — / da'ip{a) sinna . (2-13) 
n=l 

We decompose such a field tpicr) into left half l{a) and right half r{a) as follows 

V'(^) = |^^7^ ,i;n = —['da{l{a)-{-irr{a))smna. (2.14) 

[ r{TT — a) f<cr<7r Jo 

As we have seen in [7||Sj, we have some arbitrariness in the choice of the boundary condition for 
the split string functions l{a),r(a) at the midpoint a = tt/2. They can be expanded using either 
odd or even modes according to the two possible choices of the boundary condition at the midpoint 
(T = ^ as discussed below. 



2.1.1 Dirichlet at end point, Neumann at midpoint (DN) 

First we consider Neumann boundary conditions at the midpoint a = tt/2, while we have Dirichlet 
boundary conditions at the end point for the split string functions l{a),r{a): 

1(0) = r(0) = , /'(vr/2) = r'(7r/2) = . (2.15) 

We can expand them using odd sine modes o = 1, 3, 5, • • • 

l{a) = V2 lo sin oa , lo = / dal{a)svaoa, (2.16) 

~^ Jo 



0=1 

00 



2V2 

r((T) = v2 > To sin OCT, Tq = / da r (a) sin oa. (2-17) 

By comparing the mode expansions Eas. ()2. 1312. 1612 .T7|) with 1)2. 14() . we obtain the correspondence 
between the full and split string variables, 

= ■0O + Soei'e , ro = tpo- Soe^e , (2.18) 



or the inverse 



Ipe = ^Seo{lo - ro) , ipo = ^{lo + ro), (2.19) 



where e = 2, 4, 6, • • • , and the matrix Seo is given by 



4 [2 4io-e+ie 
Seo = — / da sin ea sin oa = „ 2T • (2.20) 



The above mappings are consistent because Seo is an orthogonal matrix: 

SS = SS = l. (2.21) 
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The continuity condition at the midpoint tp{Tr/2) = /(vr/2) = r(7r/2) is 

OO CO oo 

^ Wolpo = ^ Wolo = ^ WoVo (2.22) 
0=1 0=1 n=l 

where we defined the odd vector w associated with the midpoint 

Wo = \/2 sin y = V2i°~^ . (2.23) 

Ea. ()2.22|) holds thanks to the identity {Sw)e = X]^S=i ^eoWo = 0. This equation impUes that S has a 
singular eigenvector even though it has an inverse, which is just its transpose 5, as stated in (|2.21() . 
This esoteric relation is possible because S is an infinite matrix. However it causes an associativity 
anomaly with respect to matrix products, which in turn feeds into associativity anomaly of string 
field star products, as discussed in jH]. 

An example of the associativity anomaly is S{Sw) = 0, but {SS)w = w. Each single sum 
indicated by the parentheses has a unique answer, but the double sums are ambiguous. The 
reason is that, due to infinite sums, in the first expression there are terms of the form 00/00 
which are ambiguous. Since these matrices appear in many physical computations we must give 
an unambiguous definition of the matrix product. We will resolve this ambiguity in computations 
successfully by a regularization procedure. 



2.1.2 Dirichlet at end point, Dirichlet at midpoint (DD) 

We consider another possibility: we define the midpoint of the string tp := ^{7r/2), and impose 
Dirichlet boundary conditions at both a = 0, 7r/2 on the split string functions l{(j),r{a), 

Z(0)=r(0)=0, /(7r/2) = r(7r/2) = (2.24) 

We note that the midpoint value ip is an additional degree of freedom in the split string basis and 
cannot be chosen arbitrarily. We expand l{a),r{a) using even sine modes, e = 2, 4, 6, • • • 

2 °° 2\/2 ( 2 \ 
1(0) = —oPp ^ \f2y If.'smea ^ le = / da [ l{a) cri/j I sin ecr, (2.25) 

^ TT Jo \ TT J 

2 - 2\/2 ( 2 -\ 
r (fj) = —crV' + V^/^ sin eo" , re = / da\r{a) a?/' ) sin ecr . (2.26) 



Again, by comparing the mode expansions Eas. 1)2.1312.2512.'^^ with 1)2.14)) . the correspondence 
between split and full string variables is obtained 

'Pp = Wolpo , le = 1pe + Teolpo , Te = "V'e + Teo'Po , (2.27) 

or the inverse 

A = ^{k - re) , i^o = Uo'lp + -Soeile + re) , (2.28) 
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where 



4^2 ^o-e+l 

Seo + VeWo = -ySeoO^, (2.29) 



7re(e^ — o^j 

4\/2 p , 4^/2i°-i 
Uo = — TT / daasmoa = tt^ — , (2.30) 

4^/2 rf . 2^/2 
fe = / daasmea = . (^--jl) 

The maps [tp^le^re) ^ (ipn) are consistent by the relation 

UoWo = 1, fS=l, fu = 0, Sw = 0. (2.32) 

We can prove the following relations among infinite matrices S, T and vectors u,v,w by straight- 
forward computation: 

S' = KgT'K~^, S = T — vw , Sv = —u , Su = —V , Tv = —u + -w, (2.33) 

SS = SS = fS = 1, ST = 1 — uw , Sw = fu = , wu = 1 , vv = uu = - , (2.34) 

where Kg, Ato are the diagonal matrices Ke = diag{2, 4, 6 • • • ) and Kq = diag{l, 3, 5, • • • ). This algebra 
is similar to the one among the infinite matrices T,R,v,w which appeared in the matter sector j^, 
where a full string function ip{cr) is expanded in terms of cosine modes (see ^A.l|) . 



2.1.3 Regularization 

In the split string formulation given in ^A.l.ll ^A.1.21 ^2.1.11 ^2.1.21 we encountered a set of infinite 
dimensional matrices T,R,S,T and vectors w,v,w,v,u. These represent Bogoliubov transforma- 
tions between odd and even modes, with (T, R, w, v) appearing when the full string is expanded 
in terms of cosine modes, and {S,T ,w,v,u) appearing when the full string is expanded in terms 
of sine modes. Such transformations are essential in the Moyal formulation since they carry basic 
information about string theory. We note that, the Moyal star product itself, which is applied 
independently for each mode, has no specific information about string theory, and as such is a more 
general structure. 

In the analysis of the matter sector [SI as well as the sine mode expansion given so far, there 
appears an associativity anomaly in the matrix algebra of these matrices. This originates from 
the infinite dimensionality of these matrices. It produces ambiguities in computations in string 
field theory. To have a well defined theory, it is mandatory to define a deformed, unambiguous, 
associative algebra that preserves the basic matrix algebraic structure of these matrices |51 |Hj ■ Such 
a deformation contains a parameter N, that corresponds to the rank of the matrices. The original 
definition of these matrices given above is reproduced by taking the limit — > oo of this parameter. 
All computations in the open string field theory are performed unambiguously with finite A^, and 
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the correct value in string theory is obtained at the end of the computation by taking the hmit 
N oo. This is the basic strategy for practical computations in the MSFT proposal. 

The deformed set of matrices for T, R, w, v that have correctly reproduced string theory was 
proposed in |Hlin|. Since an additional set of matrices S*, T, v, u have appeared in the ghost sector 
we need to obtain their deformation consistently with the matter sector. For that purpose, we start 
from the infinite dimensional matrix U and vectors w',v' defined in 

9 „-o-e-l 9 „ AO-e-l 9 „-o--l 

U-e,o = -- , Ull = --- , w', = ^-^^\ v'^ = -^, (2.35) 

IT o — e ' TT o o — e no 

where e (o) now run over both positive and negative integers ±2, ±4, • • • (resp. ±1, ±3, • • • ). In 
single sums these matrices satisfy 

U-e,oUZl,, = Se,e' , U=o,eU-e,o' = ^o' , (2.36) 

which we denote UU^^ = Ig, U^^U = Iq for short in the following. More importantly, there exists 
the following matrix relations among them, 

U-^ = k'^Un!^ , = [7 + v'w , v' = Uw' , w' = tJ-^v' , (2.37) 

where k'^ = diag[- ■ ■ , —4, —2, 2,4, • • • ), and k'^ = diag{- ■ ■ , —3, —1, 1, 3, • • • ) are the diagonal ma- 
trices which specify the spectrum. These relations will be used as the defining relations. From 
them it is possible to derive the matrices themselves, as given in Eq. (|2.,''{5|) . Therefore, they will 
be used as the basic relations that are also satisfied by the deformed matrices, as given below. 
The first relation implies that U defines an invertible Bogoliubov transformation between even and 
odd spectra (see also Ea. H2.11() l. The second relation shows that the transformation U is almost 
orthogonal except for the vectors v',w' which are associated with the midpoint mode. Finally the 
last two define the relation between the vectors. 

On the other hand, the matrices 1)2. 35() also satisfy 

UU = le, Uv' = 0, vv' = l, (2.38) 

which break the associativity |H1|H]. Therefore, these relations will be deformed in the regulated 
theory, as seen below. Of course these equations will hold when the regulator is removed. 

All the other matrices are written in terms of U, w' ,v' , (for e, o > 0), 

Tea = U.e,o + Ue,o , Roe = UZ^^ + U'^ , We = V2w'^, Vo = V2v'^ , (2.39) 
Sea = U-e,o " Ue,o = UZl^, " C/"] , ^eo = ^Z^TKo , (2.40) 

2 _i vr 2 _-, , , 

n = — w, tD = — KoW, v = Kg w, (2-41) 

vr 2 vr 

where Kq and Ke are restrictions of k'^ and k!^ to the positive sector. These definitions in terms of 
U,w',v' together with the relations 1)2. 37() among U,w',v' are sufficient to derive all the relations 
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among T, R, w, v, S, T, u, v, w. Therefore, we may use these relations as the definitions of these 
matrices and vectors even when we use the regularization of U, w' ,v' . 

In IHlinilSl) the regularization of U,v',w' is given explicitly. We truncate the size of U,v',w' 
to 2N while keeping their property of Bogoliubov transformation between even and odd spectrum. 
It turns out that one may take the even and odd frequencies arbitrary functions of the 

positive integers (e, o) , while keeping the reflection property of Kg ^ to extend the definition to 



negative integers k'_ 



-Kg, K_Q 



Therefore we put 



K'g = e(e)K|g| , < = e(o)K|o| . (2.42) 

We suppose implicitly that Kg ^ 0, k„ 7^ and that these are not degenerate. 

The matrices U, U^^ and vectors w' ,v' can then be derived from the defining relations H2.c{7|) as 
functions of the arbitrary spectral parameters (see appendix^for details of the derivation) 



U. 



V2w' 



V2v' 



-1 



2 /,^2 



u. 



.•2-e 



no'>0 ^|e|/'^o' 1 



He' 



e'>0,e'^|e| 



e'>0 



1 ) 
2 



-1 



u. 



-1 



n 



o'>0,oV|o| 



1 



(2.43) 
(2.44) 

(2.45) 



where now the indices (e, o) run over the finite set e = ±2, ±4, . . . , ^2N and o = ±1, ±3, . . . , ib(2A^— 
1). It is easy to check explicitly that in the limit iV — > 00 and these expressions 

reduce to Eo. lfT^ . 

The regulated expressions for these matrices look considerably more complicated than their 
large limit. Therefore, it may appear that this would create a problem in analytic computations. 
Actually this is not the case at all, because in analytic computations one uses the matrix relations 
satisfied by these matrices rather than the explicit matrices themselves. The relations are preserved 
in the regularized version for any A^, and they look the same as their N = 00 counterpart. Therefore 
analytically the expressions in any computation look the same in the regulated or infinite versions 
as long as they are written in terms of these matrices without using their explicit form. The 
explicit construction of the regulated version insures associativity and eliminates the ambiguity of 
the associativity anomaly as explained below. Thus, in addition to the basic defining relations 1)2. 37(1 
which are the same for any A^, including N = 00, there are more relations among U, U~^,v' ,w' that 
can now be derived from the defining relations alone for any A^, Kg , k^ : 



UtJ 



1 I ' 

I + w w ^ 



w'w' 



1 + w'w' 



Uv' 



w 



1 + w'w' 



v'v' 



UU = 1 
w'w' 
1 + w'w' ' 



I -I 

V V 



(2.46) 
(2.47) 
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U-^w' = v'{l + ww'), U~^U-^ = l + v'v{l + ww'), (2.48) 

In particular note that Eas. H2.38|) are now deformed into Eas. ()2.47() . and that iv'tv' — > 2N oo 
in the large N limit. Thus, the deformed algebra actually holds also at = cxd; it simply makes 
explicit the behavior as a function of N. With this, the associativity anomaly hidden in the original 
algebra is now resolved and the matrix algebra for all the matrices U,U~^ ,T, R, S,T,v,w,v,w,u 
defined through Eas. H2.39H2.45|) becomes associative. 

In particular, from Ea. H2.39H2.41|) we obtain the regularized matrices, such as T, R, S, 

2 2 

From the relations among U,w',v' we can derive the relations among T, R,v,w, S,T,u,v,w. The 
deformed algebra among T, R, w, v (|A.18|) is already given in |H], while the deformed algebra among 
S,T,u,v,w which replaces ()2. 3312. 34(1 is^, 

S = k1Tk~'^ , S = T — vw , Sv = —u , Su = —V , (2.51) 
SS = 1, SS = 1, Sf = l-u^, fS = l- ^^"'^^^^ , (2.52) 

1 + WW 

2 K(,W ~ 2 K^^w - _ _2 

Sw = z — , Tu = z — , Tv = —u + — WK„ WW , (2.53) 

Vr 1 + WW TT 1 + WW V ^ / 

WW /2\^_ _2 /2\^_ _2 



WU = VV = z — , VV = [ — ] WKf, W , UU = { — ] VKg V . (2-54) 

1 + WW \ vr / \ vr / 



Furthermore, note that for any N, Ke.Ho we have 



WK^ "^w = VK„ 



E-o'-E-e'- (2.55) 



o>0 e>0 



The right hand side converges to ^ if we take the open string limit Kg = e, Kq = o, N = oo. More 
relations of this type can be found in the next subsection. 



2.1.4 GL(A^|A^) supergroup property of the regulator 

In this subsection we take a small detour to make an observation on the regulator whose significance 

for computations in MSFT is not yet fully apparent, but which is mathematically interesting, and 

could be useful in future applications. Many computations in MSFT boil down to expressions 

of the form ivf (k) w where / (k) is a matrix constructed from the frequencies k^, Kq through the 

regulated matrices we discussed above. Therefore, we are interested in developing analytic methods 

of computation involving such expressions, in particular for arbitrary frequencies Ke,Ho- In such 

^Note that for finite A^, the continuity condition at the midpoint 12.2211 is not satisfied because Sw 7^ 0. However, 
we recover it, as weU as aU other infinite matrix relations by taking the open string hmit Ke = e, Ko = o, N = 00. 
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computations the properties of the supergroup GL(A^|A^) mysteriously makes an appearance, as 
fohows. 

By using exphcitly the expression for We given in Ea. H2.44() . we have 

-f(2\ \^ fi 2\ deto (k^k-^ - 1) i dz f {z) det (l - zn'^) 

wf (Kt.) w = y J —— — ^ — = <p —— -. ^ , (2.56) 

^ ^ ^ dete^e (k^kJ/ - 1) / 27rz Z det{l-ZKe^) ^ ^ 

where the contour encircles only the poles at z = Kg. The contour may then be deformed to evaluate 
the integral. When / (/tg) = 1 or ^ the results have already been given in Eos. 1)2. 4912. 55|) . We 
note that these may be written in the form 

yjw = -1 + Sdet (k^) , TVK-'^w = -Str (k'^) , (2.57) 

where we used the superdeterminant (Sdet) and supertrace (Str) by treating the matrix 

(2.58) 

as if it is a graded GL(A^|A^) super matrix. When / (Kg) = with n = 1,2,- •• , we note 

that the contour integral is precisely the integral representation of the super character of GL(A^|A^) 
for the representation of GL(A^|A^) described by a Young supertableau with a single row with n 
super boxes ^2) 

WK-^^w = -xn . (2.59) 

The expression for the super character Xn (M) for any supermatrix M, can also be written in terms 
of supertraces of powers of M in the fundamental representation, as given in By taking 

advantage of this observation we evaluate Xn i^i terms of the supertraces of powers of 

For example, X2 (M) = ^Str (M^) + i {Str {M)f , which gives the following interesting expression 
for the sum 

WK7'w = -XI = -\ {Tr (Kg-^) - Tr - \ {Tr {k'^) - Tr (2.60) 




We can check the correctness of Eg. ()2. 59(1 in the limit N = CO. In this limit, 

since We — > v^i^"*^, we can evaluate the sum on the left side directly in terms of the zeta func- 
tion, wK~'^'^w — > 2^^j^ (2A:)~^"' = (2n) , and then compare it to the value generated by the 
supercharacter —Xn (^~^) i^i the limit. 

For example, for n = 1 the right hand side of Ea. H2.59() is already given following Ea. H2.55() . 
and this agrees with the left hand side which is ^C, (2). Similarly, for n = 2 the left hand side of 
Ea. dTHni) gives (4) = ^tt"^ while the right hand side gives (4) - g (C (2))^ = t^vt^ which 
agree. The GL(A^|A^) supergroup property of these sums is intriguing. It may be the signal of an 
underlying mathematical structure that could be helpful in computations in MSFT. 
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2.2 Moyal from Witten's * for fermionic modes 



The second step in constructing the map from Witten's star to Moyal's star is to perform the 
Fourier transformation from position space to momentum space for a subset of string modes [Zl- 
We recall the definition of Witten's *-product for functions of split strings in the ghost sector 



(2.61) 



For the be ghost sector, we consider two types of overlapping conditions [2]. The anti-overlapping 
condition (resp. overlapping condition) is defined by choosing the minus (resp. plus) sign in this 
formula. In both cases the Witten * product is mapped to the Moyal ★ product as follows. 

We denote the string field as ^'[Z,r] in the split string formulation and as ^'[x,^] in the Moyal 
formulation. The variables l,r,x,p are all fermionic and we consider the simplified situation where 
each of them represents a single degree of freedom. The generalization to multiple variables is 
straightforward. For the simplified setup we define Witten's star product in the split string formal- 
ism (ignoring the midpoint for the time being) as 



^ri*^r2[/,r] = (-l)l*ll j dw^i[l,w] ^2[±W,r]. 



(2.62) 



The sign factor (—1)1*^1 (Grassmann parity of ^'i) is needed to make the * product associative. 
We define the mapping from a string field in the split string picture ^'[^,r] to the Moyal picture 
by using the Fourier transform^ 



r±l 



,P 



(2.63) 
(2.64) 



Witten's star for ^ is then mapped to Moyal's star for ^: 

^1 . 4>2[x,p] = ^i[x,p] exp (^^1 (^^1 + ) ^2[X,P] ■ 

The derivation of this correspondence is completely parallel to the bosonic case 0: 



-1 a a , a a 



± I dyi e-Py ^1 



±x + -,xTy 



1 ( a a 



-1)1*^1 J dyidy2 (^1 
-1)1*^1 / dyidy2^i 



, , yi ^yi 

±x H , X =F — 

2 ' 2 



^'f2ya^ap^apaxj j _^ j cfyg e~^^^ ^2 

e-py^ ^2 



(2.65) 



\ -^1 1 a a , a a 
-pyi I p'^ 2\ax ap~'~ ap ax 



-L , 2/2 ^ y2 
±x + -,xTy 

, , y2 ^ 2/2 

±x H , X =F — 

2 2 



, , 2/1 ^2/1 
±x + -,x=Fy 



.1 a 



g-p{?/i+2/2 ) gT 2 2/1 ^ 



, , 2/2 _^ 2/2 
±x+-,xTy 



J L Z Z J 

■^If I and r consist of A'^ variables, the sign factor on the right hand sides of Egs. (12. 621 1 12. 631 1 12. 641 become 
(-l)l*il^,(±l)^,(±l)^ respectively. In particular, they are trivial in the case that A'^ is even. 
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± I dye-Py (^1 * ^2) 



±3; H — , X =F — 7, — 



±x + -,z 



2 
^2 



±x — ,x =F — - — 



' 2. 



(2.66) 



The form of the product in Ea. ()2.65() is similar to the ordinary Moyal product although the deriva- 
tives in the exponential are for fermionic variables. This Moyal ★ product is associative and non- 
commutative. 

From Ea. (|2.64|) . we also obtain the correspondence between the definition of trace in the split- 
string formulation, which we take with the anti-periodic condition, and that of Moyal one which is 
given by an integration in "phase space" 



Tr* := / dz'^[±z,z] = ± / dxdp'^[x,p] =: ±Tr^ 



(2.67) 



2.3 Moyal * product in the be ghost sector 



In this section we define the Moyal * product which represents Witten's star product using the 
results in ^2.11 ^2.21 ^A.ll We first review the conventional operator formalism to fix the notation 
in the be ghost sector. We take the ghost coordinates b{a),c{a) and their conjugates nb{cr),TTc{cr) 



n=—oo n=— 00 

We introduce the fermionic variables Xn,yn and their conjugates Pn,Qn as follows 

00 00 
b{a) = — (bn — b-n) sin na = i^Pi x^ sin no , 

n=l n=l 

00 00 

c(cj) = Co + ^(c„ -I- c-n) COS nfj = cq -|- \/2 ^ y„ cos na , 

n=l n=l 

00 00 

T^h{p) = ^^(cn — C-n) sin ncr = — i-v/2 sinno" , 

n=l ra=l 

00 00 

7rc(cT) = 60 + ^^(^n + b-n) cos nO" = Sq + 9n COS no . 



(2.68) 



(2.69) 
(2.70) 
(2.71) 
(2.72) 



n=l 



n=l 



The nonzero modes Xn,yn,Pn,Qn are related to bn,Cn- 

Xn — "^^^^'^ ~ b—n) , Vn — "^^^^ ~^ ^-n) , Pn — "^^^^"^ ~ ^— ") ) Qn — 

and the canonical commutation relation {bn^Cm\ = Sm+nfl can be rewritten as 

{Xnj Pm} — ^n,m i {^71) Qm\ — ^n,m j n,m — 1, 2, • • • . 



bn + b-n), (2.73) 



(2.74) 
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We represent the string field by treating cq and x„, y„ as the "position" coordinates. The translation 
between Fock space representation and position representation is made through 

^'(Co, Xn, Vn) = (co, a^n, ^nl^) • (2.75) 

Here we introduced the bra state (co,x„,y„| (and the corresponding ket state) as states in Fock 
space which satisfy the eigenvalue conditions for the operators co,x„,y„, 

Co|cO; Xn, y-n) — CqIcq, a^ri, t/ri) , X}i|co, Xni y-n) — ^^j^jcQ, a^ri, t/n) i yra|cOj a^ni I/n) — yn|cO) a^n; J/n) • 

Explicitly these are given by 

(co V2ynbn + iynXr?!^ , (2.76) 

|co,a;„,y„) = exp SqCo + ^ (-6_„c_„ + i\/2xnC_„ + \/2b^riyn - ixnyn) coCi\n) (2.77) 



n=l 



where represents the conformal vacuum^ normalized as (0|c-iCoCi|r2) = 1. These bras and 

kets satisfy the normalization and completeness relations 



{co,Xn,yn\Co,x'n,y'n) = -{cq - Cq) (-2i(x„ - x'JiVn - y'n)) , (2.78) 

n=l 

dc j '^•^ndyn 
•' n=l 



|co,x„,y„)(co,x„,yn| = 1 • (2.79) 



2i 

Witten's star product for the ghost sector is defined by the (anti-) overlapping conditions [2], 

5±M(^) _5±('-i)(7,_^) = 0, c^W(a)+c^("-i)(7r-f7) = 0, (2.80) 
for r = 1,2, 3 mod 3, a E [0,7r/2], or equivalently 

6W(a)-6('^-^)(7r-a) = 0, cW((t) + c^'-^H^ - a) = , (2.81) 



+ ^t~^\^ - ^) = , 7rW(a) - 4^-1) (vr - a) = . (2.82) 



These (anti-)overlapping conditions for be ghost will be used to define the mapping from Witten's 
* to Moyal's -k by using Eo. 1)2. 63(1 defined in the previous section. 

To apply the formulation in ^2.21 we need to specify the boundary conditions of the split string 
variables, since we have to use the Bogoliubov transformation given in ^2.1| / €^TT] accordinglv. At 
a = 0, vr, b{a) (resp. c{a)) satisfies the Dirichlet (resp. Neumann) boundary condition. On the 
other hand, at the midpoint, there are two options, namely Neumann or Dirichlet type boundary 
*We take the convention that \Q,) is Grassmann even and is odd. 
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conditions. In the following we choose the Neumann condition for b[a) and Dirichlet condition for 

In the split string language, the left and right halves of b{a), l^{a),r^{a), satisfy Dirichlet at 
cr = and Neumann at cr = 7r/2, while the left and right halves of c(cr), Z^(o'), r'^{cr), satisfy Neumann 
at cj = and Dirichlet at tt/2. With this choice, l^{(j),r^{a) are expanded by using odd sine modes: 
{sin OCT, o = 1, 3, 5, • • • }, and l'^{a),r'^{a) by using odd cosine modes: {cos ocr, o = 1, 3, 5, • • • } : 

oo oo 

l''{a) = i\/2^/^ sin OCT, /(cr) = z\/2 ^ sinoa , (2.83) 

o=l o=l 

oo oo 

l^(a) = c + \/2^/^ COS OCT, r^{a) = c + V2j2r o COS oa. (2.84) 

o=l o=l 

From Eas. H2.6^H2.7U()H2.18()HA.7() . we have the relations between split- and full-string variables 

= SXg + Xq, = Sxe + Xo , (2.85) 
C = Co - wye, lo = Rye + Vo, = Rye " Vo (2.86) 

where we used a matrix notation. Witten's * product for the split string formulation is written as^ 
A * B{c, t lo, r'o, r'o)= [U [id^'od^l) ^ t lo, r/S)^(c, vl 'Vo, rl rl) . (2.87) 

o>0 

The string field in the split-string formulation is identified with the usual position representation 
^{x (fx)), which is written in terms of modes 

i(c, t II, r^, rl) ~ ^(co, Xn,yn) ■■= {co,Xn, y„|^) . (2.88) 

In order to map it to the Moyal formulation, we compare Eas. H2.85()H2.86|) with Ea. H2.63() . and note 
the similarities (we add prime ' to distinguish the variables with anti-overlapping condition from 
the variables with overlapping conditions) 

Sxe + Xo ~ X + I , -Sxe + Xq ~ X - | , Rye + yo ^ -x' + ^ , Rye - yo ^ x' + ^ (2.89) 



or equivalently^ 



Xo ~ X , Sxe ~ I , yo' x' , Rye ~ |- . (2.90) 



^The other choice (Neumann for b and Dirichlet for c at the midpoint) is discussed in the appendix |n| It gives 
equivalent but more complicated expression for the Moyal formulation. 

^Here we consider naive overlapping condition. To obtain the conventional Witten's star product, as we will show, 
we should treat midpoint variable c more carefully. The phase factor i in the measure is only convention so that it 
is "real" (idxedye)^ = idxedye. Here we define complex conjugate for fermionic variables as (CC')^ = (C')UC)^ • 

'''We note that the odd modes correspond to the "a;-variable" of phase space in the Moyal formulation of ghosts. 
By contrast, in the matter sector, the even modes played the corresponding role (see Eq.(30) in 0). 
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Thus, using Eas. H2.63()H2.88() . we obtain the map from the field in the position representation to 
the Moyal representation 

A{c,Xo,Po,yo,qo) := 2-2^(1 + 3 j J] (r ^dxedye) e-2f°^"'=-2'?°^^=^'(c + ^Dye, y„) . (2.9f) 

e>0 

At this point, we used, the MSFT regularization scheme, by truncating the ghost modes x^^, xjyi 
to n < 2N ^ and using the parameters {N,Ke,Ho) given in the previous section. Thus, w,R,S 
are redefined in Eas. (|A.17() (|A.16()H2.5U() and 2"^^ ,ww are finite. We fixed the normahzation factor 
(det(165-R)) ^ = 2~^^(1 + idw)~^ consistently with the trace that will be given later. Hence, 
from Eas. 1)2. 65(1 (|2.90() . the Moyal * product that corresponds to Witten's * product is 

A-kB{c, Xo,Po,yo,qo) 

= A{c,Xo,Po,yo,qo)e 2^°>0ls^o9po dyodio SPo a^o^dqo dyoj B{c,Xo,Po,yo,qo) ■ (2.92) 

We introduced an arbitrary parameter 9' which is the analog of 9 in the matter sector _9 to absorb 
units. We note that the product is local as a function of the midpoint c, while c is related to the 
center or mass variable cq by 

co = c + wye. (2.93) 

By rescaling variables and performing Fourier transformation with respect to c, we arrive at the 
definition of the string field in MSFT 

; XoiPoi yoi qo ) 
dce-^°^A{c, Xo, -Po/0', yo, -qo/0') 



= 2-2^(1 + ww)-^ I dco Yl [i'^dxedye) e-«°"o+«o'^s^'=+Ff°^^'=+F'?°-R?/^^(co,x„,y„) . (2.94) 

e>0 

By this Fourier transformation with respect to zero mode, the Grassmann parity of A{^q, Xo,Po, yo, qo) 
and the corresponding |^) coincide. The Moyal * product which is modified after Eas. (|2.92()(|2.94() 
is 

-(^:)' -(::)• -(::)' 

We define the trace in MSFT as integration over the "phase space" : 

Tri(^o,0 = deta' / 1(^0,0 = (-1)^0''"^ / H {dxodpodyodqo) i(Co,e) • (2-97) 

'' o>0 

The Moyal field A(^0iO which is mapped from |^) by 1)2. 94() is normalized as 

j d^oTV (^(i(Co,e))^(^-^^^) 1(^0,6) =(^|co|^), (2.98) 
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where ^ — ^'V^ corresponds to — cq (|2.1U7() . 

It is convenient to introduce the bra (^Oi ^| as a state in Fock space such that the Moyal field is 
related directly to the Fock space field via y4(^0)0 = (■^Oi'^l^)- This can be obtained from the bra 
state (co,x„,y„| H2.77() by Fourier transformation (|2.94|) . 

(^0,^1 = {^0,^l,^2\ = {^0,Xo,Po,yo,qo\ 

e>0 



where we used notation: 
r(o) — i h 



Mr = I ^ °_ _ ) , Ai = ( , _!^'° _ 1 , A2 = ( 1 . (2.100) 

This is the result given in the summary at the beginning of this section. 



Examples Here we give some examples of string fields in MSFT. 

For the conventional ghost number 1 vacuum ci|i7) and SL(2,R) invariant vacuum the 
corresponding fields are given by 

io(eo,0 = (eo,e|ai|f^) = 2-2^(1 + «)i«)-2eoe""°^°"*>°(^^)-'^°', (2.101) 
ic(Co,0 = (eo,ei^^) = -^2-2^+^(1 +tD«;)-ieoa:ie-"°^°-'^^°(^^)..'^°'. (2.102) 

We note that in the open string limit = e, Hq = o, N = oo, these expressions become singular. 
For example, the coefficient of PoQa' is divergent, 

lQiO+o'+2 ^ g3 

{SR)oo' = — zZt^ — / /Nox/ 2 2T = =^°°- (2.103) 

Therefore, it is advisable not to take the open string limit at the level of the state, but wait for 
the end of a computation. We note that the physical quantities such as the scattering amplitude 
become regular in this limit jlOj . 

For the identity-like state in the Siegel gauge: |/) = J\fj e^"='^^~^'^"^~"^^" ci\il.) , which is a delta 
function with respect to the even modes in position basis, ^/(cq, Xn,yn) = ■^!Y\e>oi~'^'''^(^e)Siye)), 
the corresponding field is 

Aj{^Q,Xo,Po,yo,qo) = (-1)^ {1 + ww)~^J\fj ^0 . 

Except for the zero mode and the normalization factor, this Aj is the identity element with respect 
to the Moyal ★ product. The conventional identity state \I) HC.1|) |2] (which is BRST invariant, 
and not in the Siegel gauge) becomes more complicated in MSFT. 
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2.4 Oscillators 



In this subsection, we obtain the Moyal images of the conventional oscillators which are used in 
applications in MSFT. In this way we can write various operators in oscillator language and in 
particular discuss the form of Lq and the butterfly state which came up in our work in jl2j . 



2.4.1 Oscillators on the fields in MSFT 

For an operator O which consists of 6„, Cn, acting on a state |^') in Fock space, we define its Moyal 
image f3^, which is a differential operator acting on the Moyal field Aq,{S,o, S,) = (Co) as follows 

/3a^*(?o,0 = (eo,e|0|^)- (2.104) 

For the basic operators, co,bo, Xo,yo, Xe,ye,Po,qo,Pe,qe, this rule gives the corresponding operators 
in MSFT 

d e' _ d 
d^o 2 dqo 

d - d -2 - 2 - 

^^°^~dx ' ^°^~dy' " J'^^° ' = j,R(lo + Weio ■ (2.107) 

The nonzero modes of the oscillators hn, Cn become 

^e = ^Y.^(^^'loRo\e\-He)^-^S\,\o^^+^w^^^^^ (2.108) 

P^^ = ±(J--ie{o)x\o) , (2.109) 



ho = Xo , fiyo =yo, l3xe = i^S^ , Py, = TT^TT— ' (2.106) 



V2 \dy\o\ 

= 7f E (l^N°^ - ^^(«)^^NoPo) = E Ue^-of^o , (2.110) 

/^.^ = ^(.H-..(o)^). (2.111) 
In the first and third equations we introduced the symbols Po,Po to denote the differential operators 

/5S = ^ (|<-H - 4^(0) g^) , « = ^ (^4 - "'°'^'''°') ^ 

The even and the odd sets satisfy canonical anti-commutation relations 

{4^4^,} = ^e+e', 0'oJ'o'} = So+o' , {P'oJ'o'} = 6o+o'. (2.113) 

Using the above maps of operators, we can translate operators in the usual oscillator representation 
into MSFT language. For example, the ghost number operator (we assigned ghost number 1 to 

ci\n)) 

^gh = ^{C^nk - knCn) + Cok + 1 , (2.114) 



n>l 
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is mapped to its MSFT image 



2.4.2 Oscillator as a field 

It is often useful to rewrite differential operators in Moyal space in terms of the star product. The 
idea is to replace the derivative by the ★ -(super)commutator:® 

^i = S-i[e,iK. (2.116) 

More concretely 

^i = ^[Po,i}., ^/ = l^[^o,AU, |;i = ^[-o,iK, ^/ = lj[yo,Ah- (2.117) 
This observation leads to the star product representation of the differential operators as follows 

/3„^i = i=(/3^i-(-l)l^li*/5^„) , i3'J = ±(^p^^^A + i-l)\^\A*(3'_,) , (2.118) 
4M = i=(/3^^^i + (-1)1^11^/3^^) , p-J=l^(^pc^A-{-l)\^\A^f3'_,) , (2.119) 

where we defined the fields/3o''^ in Moyal space that play the fundamental role of oscillators 

1 i 1 i 

Po ■■= gj<l\o\- ^e{o)xio\, /3o := 2^101 - ^e(o)P|o| ■ (2.120) 

The odd Po''^ and even /3e'^ differential operators are related to each other as in Eas. (|2.1U8l2.11Uj) . 
Therefore we also define fields with even labels via the Bogoliubov transformation 

Pe--=T.f^oUlle, f5l:=Y,Ue,-o(i'o (2-121) 

o o 

where the sum runs over odd integers from —2N + 1 to 2N — 1. These give the star product 
representation of the even differential operators /3e'^ 

4'i = ^(/3Ni + (-i)i-u*,^g+»;aA, {2.122, 

ffii = -L(,^*i-(-l)l-U*,g. (2.123) 

The fields /3e'^ or /3o satisfy the oscillator anticommutation relations with respect to the star 
product 

{f5l (31,], = 60+0' , iPl P'e'h = Se+e' • (2.124) 



'We define the supercommutator as [y4i,l2}* := Ai ★ A2 - (-1)1^111^=1^2 Note that A-§^ = -(-l)I^I^A 
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But they do not anticommute with each other 

{l3'L,,l3',U = U-^'_,, {/3„^/3iJ. = C/_e,o (2.125) 
since they are related to each other by the Bogohubov transformation given above. 

One may regard the fields P''''^ as the harmonic oscillators in Moyal space which act on the 
string field A from either side by the star product. It is then natural to introduce the vacuum field 
associated with the odd (and similarly the even) oscillators, as the field that satisfies the following 
conditions under the star product 

f3^^i^AB = Po*AB = AB*f3'Lo = ^B*P-o = 0, Vo>0. (2.126) 



By definition, this field is the Moyal image of the Fock space operator Ab ~ |0)(0|, where |0) is the 
vacuum state with respe 
solution is the gaussian 



vacuum state with respect to the oscillators Po''^. These are first order differential equations whose 



Ab = Co 2-'^ exp ^- (^ixoVo + ^PoQa^ j • (2.127) 

If we write Ab = £,oAb, we see that Ab is a, projector ()3.24|) with respect to the Moyal ★ product: 
Ab Ab = Ab- It turns out this is the butterfiy projector that came up in other formulations of 
string field theory |25| I26 | 177] as shown in appendix IeI 



2.4.3 Lo and Cq 

In string field theory computations the zeroth Virasoro operator Lq plays a critical role since it 
defines the propagator. In this section, we derive various forms of Lq in MSFT. In the usual 
oscillator representation acting on Fock space, Lq is given by^ 

oo 

Lo = Y,Hb-kCk + C-kbk). (2.128) 

k=l 

In MSFT which is regularized by {N, k.^, Kq), we truncate the number of oscillators to 2N and 
replace the frequencies by Ke,o- Then the Moyal image of Lq becomes the following differential 
operator 

2N 

Lo = ^Kk0'.J'k + P-kPi) (2.129) 

k=l 

^ d d 4 e'^ d d \ 



^Kk + iJ2'^o[xoyo + jr-w- + ^Poqo + 



k=l o>0 



dxodyo 9'^ 4 dpo dqo 



+ ^(1 + ( ^ l^oVoPo j ( ^ Vo'qo' j + ^(1 + Ww) i^VoKoPo j • (2.130) 

\o>0 / \o'>0 / \o>0 / 



'We take the convention such that Lo{ci\Q)) — fixes the constant that comes from normal ordering. 
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The last two terms come from the identities 

SKeR = KoRR = + (1 + Ww)KoVV , Seo^eWe = KoRWe = KoW(l + Ww) . (2.131) 



e>0 



The similarity to the matter sector is enhanced by introducing an even basis (x^jp^, Xg,Pg) which 
is related to the odd basis through the following linear canonical transformation^*^ 

xl:=K~^Sxo, pl:=KeSpo, xl:=Tyo, p"^ := Rqo ■ (2.132) 

The Moyal ★ product ()2.95|) and trace 1)2. 97(1 are invariant under this canonical transformation. 
With the new variables, Lq is rewritten as 

^ d d A ^ ^ 9'^ 2 d d \ 



k=l e>0 



E^^T^l (E^^'T^I+llE^ePnCo. (2.133) 



1 + WW \ ^ dx'l / \ 4^ dx^ , " , „ , 

\e>0 ^/ \e'>0 £ / \e>0 / 

Under this change of variables, the usual perturbative vacuum that was given in the odd basis 
(|2.1Uip becomes: 

Ao = 2-2^(1 + ww)-'iCo e-^^'^^°^^^-^577Pe'^e-^P^ _ ^2.134) 

Then the apparent divergence (|2.1U3|) of the coefficient at the limit N = oo does 

not occur, since 



\{RKoR)e 



7r2 



o=l ^ 



<oo. (2.135) 



Following the ideas of the previous subsection, the differential operator Lq can be represented 
in terms of star products by introducing the field Cq and the "midpoint correction" 7 as follows 

LqA = £o*i + i*>Co + 7i, (2.136) 



2 , , ^ . 

e>0 \e>0 o>0 / \e>0 / 

^ = -rr^lE-^^) lE-e'^) (2-139) 

\e>0 '=/ \e'>0 e / 

where /Se'*^ can be rewritten in terms of the even mode variables in Ea. H2.132[) 



1 ^ i , s h 1 



/3e = >|e| - ^e(e)'^e4| , /3e^ = ^xf,, - ^e{e)K-%\ ■ (2.140) 



2 



^"We used these even modes in |12|. They are just a linear transformation of the odd modes in >l2.3l and different 
from the even modes which are considered in appendix fOl 
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The .^o-dependent term vanishes when Lq acts on the fields in the Siegel gauge. The field Cq is 
multiplied with the star product, but 7 is still a differential operator. It is possible to rewrite 7 in 
terms of star products (a double supercommutator) 

9' (l + ww) 

but this does not have the single star product structure as the star products with Cq and therefore 
7 cannot be absorbed into a redefinition of Cq. As discussed in j^, 7 depends only on a single 
combination of modes in the direction of the vector We, which is closely related to the midpoint. If 
it were not for the "midpoint correction" term 7, string field theory would reduce to a matrix-like 
theory that would be exactly solvable, as shown in The above form of writing Lq focuses on 
the 7 term as the remaining difficult aspect of string field theory. 

A similar structure exists in the canonically equivalent odd basis by using Cq,j' 
LqA = £'0 ★ i + i * £'0 + 7 i , 

o>0 \e>0 o>0 / \o>0 / 

7' = ^{I+WW) (j2'^oVoPo] IY.'"""^'''] ■ (^-^^^^ 
\o>0 / \o'>0 / 



3 Monoid and Neumann coefficients 



The perturbative states and nonperturbative squeezed states in Fock space (perturbative vacuum, 
sliver state, butterfly state and so on) are mapped to gaussian functions in Moyal space _9 . In 
fermionic Moyal space, such as the basis ^ = {x'^,p'^, x'^,p'^) , the generic form of such a gaussian is 
written as, 

^Ar,M,A(0=AAe-«^^«-«\ M = -M. (3.1) 

As in the bosonic case, such shifted gaussians form a monoid algebra |9j.^^ A monoid is almost a 
group except for the property of inverse. This implies that under star products the shifted gaussians 
satisfy the properties of closure, identity and associativity. Although the generic gaussian has also 
an inverse under star products, not all of them do (for example, projectors such as Ea. (|2.127|) do 
not have an inverse). The identity element under star products is the natural number 1, which 
corresponds to the trivial gaussian. 

The monoid structure is an effective tool for computations in MSFT. In particular it was used 
to calculate the product of n gaussian functions, whose trace gives the n-point vertex. A corollary 
^^Some issues on Moyal product are discussed in |2U|. 
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of this result is the determination of the Neumann coefficients for the n-string vertex. These 
coefficients were computed in |2j from conformal field theory, but now they can be determined 
by using only the Moyal product. The MSFT approach gives simple expressions for all Neumann 
coefficients in terms of a single matrix igo = ^y^T'eo'^o Neumann coefficients are not needed for 
computations in MSFT, but the computation can be used to test the MSFT formalism. This was 
used as successful test of MSFT in the matter sector 0. 

In this section we will carry out a similar program in the ghost sector. While the treatment of 
the unity elements becomes more subtle because of the zero mode, the closure of gaussian functions 
under the star product will be proved exactly the same way as in the bosonic sector. In 
particular, the algebraic structure is formally the same. With this information, one can compute 
the product of n fermionic gaussians and derive the Neumann coefficients by using this algebraic 
machinery. 

In particular, we verify consistency of the Moyal * product ()2.95|) with the conventional reflector 
and the 3-string vertex in oscillator language. We will show the correspondence by including the 
zero mode part, 

(^ii^2) ^ y"(iCoTr(ii(eo,e)*^(Co,e)) , (3.2) 

3.1 Monoid structure for gaussian elements 

We first derive the structure of the monoid (|3.H) under the fermionic star product defined by 
{■^ai £,b} = ^ab for a general symmetric S^;,. This matrix takes a block diagonal form S = diag {a' , a') 
in the bases we discussed so far, but it is useful to develop the formalism for any S. For the 
moment, we suppress the .^o-dependence because it is not relevant to the Moyal ^-product 1)2. 95|) . 



The structure of the monoid is summarized in the following algebra, 

rrii := MjS , fh = — SmS^"*^ , (3.5) 

mi2 = M12S = (1 + m2)mi{l + m2mi)~^ + (1 - rni)m2{l + mim2Y^ , (3.6) 

A12 = (1 - mi){l + m2miY^\2 + (1 + m2)(l + mim2)"^Ai , (3.7) 

M12 = A/'iA/'2det5(l + m2mi)e~3^'.f=i^''^^"''^\ (3.8) 

K.,= i ^^^'+^'^~\ (l + -2m0-^\ 
y -(l + mim2) {1712 + 112-^^ ) J 

To prove this formula, it is convenient to use Fourier transformation. We define 

A{r]) := [ dCe^'^AiC), A{C) = [ dq e"^"^ A{rj) . (3.10) 



27 



The -k product is rewritten in terms of Fourier coefficients, 

Ai*A2iC) = y"(ir/idr/2e-HS'y2-5r?i-5r,2^^(^^)^2(r/2). (3.11) 
For the gaussian ^a/',a/,a (!«"i.lj) . the Fourier transform is also gaussian: 

A^iAv) = AA(det(2M))5 e-^AA/-iAg-if7Af-ir,+ifjM-iA ^ (3_^2) 

The main result ()3.4H3.9|) follows by carrying out the gaussian integration over fermionic variables. 

We note that Eo. p.ip have exactly the same form as the bosonic case (Eqs.(3.11-3.17) in 'W) 
if we put d = —2. Similarly, the formula for the trace also related to the bosonic case as if d = —2 

Tr(A(e)) = AA(det(2m))5e-3^^^''^ . (3.13) 



With this observation, we find that all the algebraic manipulations in 9^ which use the structure 
of the star product for monoids also apply in the ghost sector with no other modification. 

In particular the product of n monoids with the same M, but different Aj , A/i is one of the useful 
results that is used to compute the n-point vertex. The result in j^jj is now adopted to the ghost 
sector as follows 

^M2...n,M("),Ai2...n ^M,M,Ai * ^A^a.M.Aa * • • • * ^Ar„,Af,A„ , (3.14) 
Jn 2 

1 " 

Ai2...n = 7+ - + H""'A, , (3.16) 

"^"^ r=l 

Mi2-n = ■ • • AA„(det J+)^ exp {--^Kn{X)^ , (3.17) 

K„(A) = X: K^^^K + 2 A.s (^~"^^^"^"'^//"^^"^^"^"' a, , (3.18) 

r=l -^"^ r<s 

Tr(AM,...„,M("),A,2...J =MAA2---AA„det^(2J-)exp j -i A,SOj^l^,)(m)A J , (3.19) 
0\:^{m):=0l-l,,^, (3.20) 

^0 J- " (l + m)"-(l-m)" ' ^-^-^^^ 

Of )(rn) = + - = + -)r^';(^ - ^ (l<^<n-l).(3.22) 

* ^ ^ J- (l + m)"-(l-m)" ^ - - J \ J 

This will be used in the next section to compute the Neumann coefficients as a by-product. 

The algebraic structure is also used to construct projectors (such as sliver state or butterfly). 
As in 9 , the generic form of the projector in the ghost sector can be written as a particular class 
of gaussian functions 

AdAC) = 2-2^ eiASDSAg-fD?-?-A ^ (^5.)2 ^ ^ ^ (3 23) 
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(3.24) 



3.2 Neumann coefficients 

In this section, we construct the Neumann coefficients by using the MSFT formahsm for the n- 
point vertices given above. The basic idea is to use the correspondence of vertices in the operator 
formahsm and in MSFT given by 

i(^i| ® •••®„(^n|K) ~Tr(ii *•••*!„) (3.25) 

where Ar(^0)O = (^O)Cl^r) and = (^r|^2)- For the ghost sector, we have to be careful in the 
treatment of the zero mode in p.25|l . We use this identification to express Neumann coefficients 
by taking the following steps. 

1. In Fock space we choose n coherent states for {^r\, f = 1,2, •••n, labelled by parameters 
^*(r) 'pj-^g jg£^ hand side of ()3.25|) can be computed in the operator formalism. The result 
takes the form of an exponential that contains a quadratic form in the parameters of the 
coherent states The Neumann coefficients that define \ Vn) appear as the coefficients in 
the quadratic form. We treat the Neumann coefficients as unknown matrices. 

2. We calculate A,.(^0)0 = (^Oj^l^r) which gives the Moyal image of the coherent states in the 
form of monoids, with the A^*"^ related to the parameters /i**^'') of the coherent state. 

3. We compute the right hand side of (|3.25|) by using the result in Eqs. (|3.14H3.22|) . As in item 
(1) this is also an exponential containing a quadratic form in the coherent state parameters 
IJL*^'^\ but with the coefficients determined by the monoid algebra given above. 

4. We compare the coefficients of the parameters in both sides and thus determine the Neu- 
mann coefficients completely. They turn out to be simple functions of a single matrix 

, -1/2^ -1/2 

Throughout this subsection, we use the regularized framework (A^, Kg, Kq) to make the algebraic 
manipulation consistent. This gives a new generalization of Neumann coefficients since the new 
expression includes arbitrary spectral parameters and arbitrary N . To compare to the Neumann 
coefficients computed through conformal field theory, the open string limit {N = 
is taken at the end. Through analytic and numerical methods it is shown that these very different 
looking forms of Neumann coefficients are indeed the same. This successful test of MSFT provides 
confidence about its correctness and shows that MSFT is an alternative tool for computation in 
string theory. 

Coherent states Coherent states (^| are defined by 

(vl/|6t = (^|/,*, (M/|ct = (^|^:, (xI/|6o = (^|/iS, (3.26) 
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They have the following explicit form 

(^1 = (Jl|c_ie^^'^+'^*^+^S^o . (3.27) 

The inner product between the standard n-string vertices \Vn) (appendixlHl 0) and the coherent 
states {^r\ is given as follows for n = 1, 2, 3 

n = l : {q,\I) = ^v^^^^l(^^l-V2wf,l)eP'^'''^*^, (3.28) 

n = 2 : ^{^M^,\V,)^, = (/.*« - ))e/^*'^^^/^:^^^+/^*^^^^/^:^^^ 

= if^f^ - ^*(2))ei^*'^^^^'^*<^^+^^*'^'^^^*<^' , (3.29) 
n = 3 : i(^I/i|2(v&2|3(^3|V^3)i23 = exp(-/2:Mx-M*(^)-/i:WX>;(^)) 

= exp (^-^/i*We;k"-V*^'^ - /^c^'^^'o/^o^'^) . (3-30) 

where 

(3.31) 

As we noted, the Neumann coefficients appear as the coefficients of quadratic functions of in 
the exponential. 



Moyal image of coherent state We define a Moyal field which corresponds to the coherent 
state First, we have the corresponding ket |^) by using the reflector ()C.4|) : 

Then we get the Moyal field by using the ket (^O)Cl (|2.99() which defines the Moyal basis: 



where we denoted 



(3.33) 





-iM, 



(o) 



K* 



( 





iM, 



_ I 




(o) 



\ 



\ 










-^S 

4^ 





V2 

/ 



( 



2ir*(/x* + WCo), (3.34) 



W 



\ 







1 





(3.35) 



It takes the form of the standard element of monoid although with the pre-factor M and the A in 
the exponent depend on the zero mode ^q. We can apply the Moyal * product formula for monoids 
which was developed in the previous subsection. 
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Explicit form of n-th product After using the results of H3.14MX^^ . we have obtained the 
trace formula for n-th product of Moyal fields which correspond to coherent states 



^_l^n^-2nN^^ ^ ^tx;)" ? det 5 (2 J" ) J] (ej'^) e" ^^^^^''-'^S"'' + /x*^'^)) 
(-1)"2-2"^(1 + «)u;)-tdet5(2J-) ]J(^Me-v^M:<'-'-/^;<'-' + 

r 

( 1 

X exp - ^ /x*(^)eC(i^*-i2moO(,_,)(mo)K* 

X exp I ^ /i*('^)eC7i^*-^2moO(s-r)("^o)i^*W^?S'^ ) , (3.36) 

1 r,s=l 



where we used the relations^^ 

= -eCK*-^mQ , mo := MqS , (3.37) 



K*~^moK* ={ „ , := V^m^^ = ^ „ , (3-38) 



ml~^ / ' " ' V« \ -T 



WeCK*~^2moO^,^r){mo)K*W = . (3.39) 

Here ttiq which defines TOq has appeared in Ea. HA.62() in the context of the matter sector in MSFT. 
We should emphasize that although we are using a notation similar to the one in the matter 
sector, the meaning of niQ here is not the same as the one in the matter sector which is defined 
by Eq. ()A.6fl|) . However, because there are some relationships between the mo in the matter and 
ghost sectors there are some relations among Neumann coefficients in these sectors. Note that in 
Ea. (|3.36|) we assigned different .^o's for each Moyal field in the trace. This prescription is necessary 
to find agreement with Witten's star product as we will see soon. Noting 

(r) 

we perform the Q -integrations for all zero modes, and find 

= (_l)"2"2"^(l+7Z;u;)-?deti(2J-) 

xexp j i /2*MeC(i^*-i2moO(,_,)(mo)i^* -5^'^)/i*(^) 

\ r,s=l 

xexp I ^ fl<''hC{26''^' - K*-^2moO^,_r){mo)K*)Wfi*J-''^ | . (3.41) 

I r,s=l 



^Similar relations were used to obtain the Neumann coefficients in matter sector. ( i|A.2.4l ^) 
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Comparison of coefficients Now, we consider the above formulas in the cases n = 1,2,3. 
n = 1 case : Eq. (|3.41j) becomes 

yd^oTr 1(^0,0 = -{l + ww)ie''-^f'b . (3.42) 

In this case from Ea. ()3.28|) there is a correspondence 

Jd^oT^A{^o,0--{W)- (3.43) 

up to pre- factor which comes from the 6-ghost insertion in conventional operator formalism. |21 On 
the other hand, up to a constant factor, we have 

j d^oSi^o) Tr i(eo, ~ (^|/> = /iS e'^*''^^ , (3-44) 

for the identify-like state |/) which corresponds to the identity element for the reduced product 
[1T1I121- In MSFT, the Moyal field {(,o,(,\i) is the identity element in the Siegel gauge. In this 
sense, |/) appears naturally rather than the BRST- invariant |/) in the context of MSFT. 

n = 2 case : Using Eg. 1)3. 36(1 . we get 

From Ea. H3.29() we have obtained the correspondence 

I 4'^<5(^S'^ -ef )Tr(ii(eS'\0*i2(eS'\0) = i(^i|2(^2|^2)i2. (3.46) 

In this case the normalization also coincides. We can interpret f d^^^U^^^^i^,^^^ - Cq^) as the 
pre- factor {c^^ + c^o^) in the form of i{c'"Q\xn\yn^\2{c'^\xn\yn'^\V2)i2 (|C.5|) . Ea. (|3.46p can be 
rewritten as 

I dCoTr(ii(eo, 0*^(^0,0) = (*i|^2), (3.47) 

for |^'2)i := 2(^21^2)12- This is consistent with the normalization (|2.98|1 which we adopted to fix 
the map from the conventional field to the Moyal field (|2.94j) . 

re = 3 case : We can identify the Neumann coefficients for the nonzero modes by comparing 

Tv(ii(cS'\o*^(er,e)*i3(ef ,0) ~ {^i\{^2\mv3) . (3.48) 

From Eas. 1)3. 3613. 3Up we get the Neumann coefficients in MSFT: 

A-" = -C{K*-^2moO(^s-r){mo)K* - J'"'"). 
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More explicitly 



X^^.-C^. X^^>.-C?m^. A-<-.^-C?(l^. ,3.40) 

To identify the Neumann coefficients including the zero mode part, we should perform the 
integration: f d^l^^ d^^^ d^Q^\ We can interpret that this comes from the pre- factor: 

in the form 

^(1) „{1)L/c(2) y(2)L/J3) ^(3) „{3)|U,\.,^, 

IWO '-'^n ' 1 2 Wo ' -^n ' UWO ' "^n ' I ''2/123 

(RTTI) . In fact, by identifying^^ Ea. dim]) with Ea. dCTl) : 

1 4'^TV(ii(eS'),0*i2(ef ,0) ~ (^i|(*2K^3|V^3> (3.50) 

up to constant factor, we obtain^^ 



+ 3 m*-2 + 3 ^ ' 

= eCK*-'^^K*W = , (3.51) 

° + 3 m*-2 + 3 ^2 

° mg + 3 m*-2 + 3 ^2 

The Neumann coefficients X'^^'^^ X^^'^'^ agree with Ea. HA.68|) which was obtained by using the 
trace of 6 coherent states in the matter sector. This implies that the Gross-Jevicki nonlinear 
relations for Neumann coefficients in MSFT are all satisfied for arbitrary (N, Ke, Ho), as was shown 
in Namely, our Moyal star product is consistent with the conventional Witten star product 
in both the matter and ghost sectors. We have conffimed the correspondence between Moyal -k 
product in MSFT and Witten's one (★^) : 

1 4'^^ier4'^Tv(ii(eS'\e)*i2(ef ,o*^(^\o) m^2*'^^3) (3.52) 

up to constant factor for = e, Kq = o, N = oo. As we will show in the next subsection we have 
numerical confirmation that the generalized Neumann coefficients in MSFT for arbitrary K(.,Ho,N 
converge to the conventional one in the operator formalism when we take the limit. 



'^'^The ghost zeromode dependence is similar to momentum po dependence in matter sector. But in this case, we 
do not need "momentum conservation factor" (5(^o^' +^0^' +^0^')- This fact correspond to the lack of (5(&o^' +60'^' +69^') 
factor in Ref.|24| Eq.(2.18) which gives the correct 3-string vertex in oscillator representation. 

We 



^^This also implies that Moyal ★ product 12.951 1 is essentially the same as the reduced product in |16ll21lE^ which 
was defined by omitting ghost zero mode-dependence in original Witten's star product. 



We used the notation; w 
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3.3 Numerical comparison of Neumann coefficients 



In this subsection we compare the generahzed Neumann coefficients derived algebraicahy in the 
Moyal star formahsm for any Ke,Ho,N, with the independent computation from the point of 
view of conformal field theory [2] vahd at N = Qo. We summarize the Neumann 

coefficients computed from CFT in appendix IG.ll together with some differences in the convention. 

In in] we have ah'eady given an analytic proof that our algebraic expression of Neumann coeffi- 
cients coincides with the exact value in |5] in the limit, by comparing the spectroscopy of Neumann 

1/2 —1/2 

coefficients. Namely, in our case by diagonalizing the matrix teo = TgoHo we diagonalize the 
Neumann coefficients for n-point vertices, since they all depend on the same matrix t. The eigen- 
values obtained in this way for the case of the 3-point vertex in the limit N = oo 
coincide with the corresponding eigenvalues obtained from Neumann spectroscopy in jl3j . 

A numerical study provides another approach to confirm that the Moyal star and CFT calcula- 
tions agree in the limit. In the following numerical analysis we show that there is agreement in the 
limit, and furthermore that there is a clear universal behavior of the approach to the limit as a func- 
tion of N. In the tables given in appendix IG. 21 we give the MSFT results for the numerical values 
of the Neumann coefficient M^^J (N) in the matter sector, and the Neumann coefficient xj^, (N) 
in the ghost sector for e, e' = 2, 4, 6, 8, at different values of the cut-off parameter N. We set the 
spectral parameters The expression of the Neumann coefficients in the Moyal star 

computation is given in (5.32-5.34) in [S] for the matter sector, and Eas. (|3. 4913. 51(1 in this paper 
for the ghost sector. In the tables we write the ratio with their limiting value, A4^^J,{N)/Ai^^J (eft) 
and X^^J {N) / xj^^J (eft), where the limiting value is taken as the CFT value given in [21. The tables 
at different values of N clearly show the convergence 

(3.53, 

K-oo m'2 (eft) (eft) 

Namely in the open string limit, the Neumann coefficients derived algebraically in MSFT becomes 
identical with their analytic value computed in CFT. 

We note that the convergence of the Neumann coefficients of the ghost sector is much slower 
than those of matter sector. However log-log plot of \M{N)/M{cft) — 1| against clearly shows 
that the deviation scales as power of N with a very good accuracy. 

As examples, we write the fitting of (2, 2) and (2, 4) components of above ratios as^^ 

^E^^^ ~ 1 + 1.33 • Ar-i-34 , ^E^^^ ~ 1 + 2.38 • A^-i-36 , (3.54) 
42 (N) _ ^ ^ p gg^ _ ^_o.669 4^iN) ^ 1 + 122 • A^-0-684 (3 55) 



Xil\cft) ■ ' X^'Jicft) 



^These are based on the numerical data for iV = 20, 50, 100, 200, 400. 
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We have numerically checked that all the Neumann coefficients including the zero mode behave 
exactly the same way as above, 

7W(0'±)(c/t) ""^ ' X(o.±)(c/t) ' ^ ^ ^ 

where the coefficients a's are order one quantity which depends on the type of the Neumann 
coefficients. On the other hand, the power f3rn and /3gh are universal for matter and ghost sector. 
In the numerical study so far, ~ 1-33 and (3gfi ~ 0.67 for all types of Neumann coefficients. 
We suspect that there may be an analytic evaluation of the deviations which will prove such a 
systematic behavior. In any case, Ea. ()3.56|) gives a useful numerical estimate of the deviation at 
finite N from the N = oo values. 



4 Applications 

In this section, we consider the applications of the Moyal star formulation in the ghost sector. We 
discuss two topics which are essential in the development of MSFT. 

The first issue is the derivation of the regularized string field theory action in the Siegel gauge 
including ghosts 

S = - j (fxTr(^Ai.{Lo-l)A + ^Ai.Ai.A^ . (4.1) 

The regularized version was the starting point of our recent discussions in jlUl I12j . 

The second issue is the derivation of the Feynman rules in the ghost sector. Together with our 
previous work on Feynman diagrams in the matter sector ^U] this provides the complete set of 
Feynman rules. We show some explicit examples of computations of amplitudes. 

4.1 Regularized MSFT action and equation of motion 

We start from Witten's string field theory action in the operator formulation 

is BRST operator, which may be written by separating out the 6o) cq zero modes 

Qs = co(Lo-l) + 2XSo + Q, (4.3) 

with 

^ oo oo 

Lo = Lr"'^ + Lf°^*:=-a2 + ^a_„a„ + ^n(L,c„ + c_nS„), (4.4) 



2 

n=l n=l 



oo 



X = -^nc_„Cn, (4.5) 



n=l 
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Q = j;c_„Lr"''+ E "^^^C^Cnh.m-n, (4.6) 



L 



matter 



^ oo 

9 X] a-man+m- (4.7) 



2 

m=— oo 



By imposing the Siegel gauge condition 60 1 ^) = we obtain the gauge fixed action 

S = \{^\co{Lo - im + ^(^1^ ^) . (4.8) 

In the regularized version of MSFT with cut-off parameters {N, k^, Ko), we cannot write a nilpotent 
Qb operator, at least technically for the time being, because the conformal symmetry is explicitly 
broken when the parameters {N,K.e,Ko) are not at their limiting values. Of course, any other 
approach that attempts to work with a finite number of modes (such as level truncation) suffers 
from the same problem. For complete control, what seems to be desirable is the construction of a 
finite dimensional Lie algebra that would be a substitute for the Virasoro algebra at finite N, and 
which would tend to the Virasoro algebra at infinite N. If such an algebra could be constructed, 
then a regulated version of at finite would be straightforward, at least in MSFT. 

On the other hand we have seen in numerous cases by now that the regulator is indispensable. 
With this restriction, we are forced to work with the gauge fixed action Ea. H4.8|) where the trunca- 
tion of the oscillators can be made self-consistently. In the open string limit, we recover the original 
gauge fixed action which is equivalent to the original gauge invariant action Ea. H4.2|l . 

In the following we rewrite the action (|4.8|) in the Moyal language. We use a field A{x,^o,^^) = 
(,oA(x,(^) in the Siegel gauge which is related to a conventional string field ^ by Fourier transfor- 
mation HA.28|)()2.94|) . The kinetic term is rewritten as, 

(^lco(Lo-l)l*) = Ji-d^o) I d''xTt(^A{x,^o,0*koiLo-l)A{x,^o,0) 

= I d''xTt{A{x,0*{Lo-l)A{x,0) (4.9) 

where^^ Lq = L^"**^"- + is given by 

^matter ^ 1^2 - ^TV K - ^D^M.'kD^ + C^Mo^ , 

= - '""''W^ + i^^sR^^Mti^^ , (4.10) 



dx " \ 4- / \ TkoR / \ ^Tk-i 



T 



^^In this section, we use the variable 5^'' — (CeiCe) ~ {^e)Pej^eyPe) which was introduced in Eg. 12. 1321 because 
this makes 1^°'^ most similar to the LJT"""'- 
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and the Moyal * product and the trace are 



exp 



On the other hand, the cubic term of the action becomes 

= /X3 1 y d'^x Tr (A (x, ★ A (x, * A (x, 0) (4.12) 

where 

^3 = -22^('^-2)(l + -«)u;)-i+!(det(3 + tF))-'^(det(l + 3tt"))2, t := kV^^^k-^/^ . (4.13) 
After an appropriate rescahng of j4, we obtain the gauge fixed action (|4.1() in MSFT language: 

s = -y"(i^xTv(^^y"(-d^o)i(x,eo,e)*/5co(io-i)i(s,eo,e) 

= -Jd'^x Tr A(x, * (io - 1)^(S, e) + I ^(x, 6 * ^(x, * ^(S, e)) (4.14) 

where ^ (a;, ^O; = ?o ^(^J, is a Grassmann odd field in the Siegel gauge. The conventional reality 
condition of the string field in Fock space (V2|^') = (|^))^ is simply given by the usual reality of 
the field in Moyal space A (x, ^)^ = A (x, ^). 

The equation of motion in MSFT becomes 

(Lo - 1) A{x, + a'g A{x, * A{x, = 0, (4.15) 

which corresponds to the equation of motion in the Siegel gauge [Lq — 1)^* + *^ ^ = in 
conventional language. The counterpart of the usual classical equation of motion (5^^ + ^'*^^' = 
is difficult to express in the cut-off theory as we already commented. Similarly we meet a similar 
difficulty to express the BRST invariance condition Q"i> + 6oCo^ ^' = in the Siegel gauge in 
MSFT at this stage. 



4.2 Computing Feynman graphs including fermionic ghost sector 

We have defined the gauge fixed action Eq. (|4.14j) in MSFT language. Based on it, we discuss the 
Feynman rules in MSFT and show simple examples explicitly. Computations in the matter sector 
have already been presented in ^U]. 
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Vertex In MSFT the n-string interaction vertex is represented by n-th Moyal * product and its 
trace p.llj) . In Fourier basis, e^^'^e"^'''"''*'' , this amounts to a phase factor to represent the vertex 
as follows: 



mr- 



{2TTey 

^^2TrfNd^2Nd^^^ + . . . + 7?„) 6^^{vf + ■■■ + r?f ) . (4.16) 
The constant factor comes from | det(27r(T)|~'^/^ det u' in the definition of the trace. 



Propagator It is convenient to introduce the propagator A{r],r]' ,T,p) in Fourier basis. This was 
computed in the matter sector in ^O]- Here we give the complete form, including the fermionic 
ghost sector 



J (27r)2^'^ ^ 

Here Lo(p) is given by setting /3o = hp in Eq. (|4.in|) . Using Eqs. ()F.5|F.8l ). we obtain the propagator 
in the he ghost sector 

A{r],r]',T,p) = g{j^p)e-^Pi'^)V-n'F(T)r)'+2fiG{T)'q'+{ri+fi')H(T,p) 

where 

\e>0 o>0 / 

1 1. . ^^ 1 f n^(tanh(rKe))"^ \ 

F(t) = -Mn"^ tanh TK = ^ ^ „2 _ ^ , 

^ ^ 4 V V ^ Q gi?K„(tanh(TKo))-ii? y ' 

G(r) = lMo-Hsinh(r^))-i = ( ^(--M-e))-^ \ 

^ ^ 4 I I ^ Q gi?K„(sinh(rK,))-ii? ^ ' 

Hir,p) = tanh(r../2) ^^,^^ ^^^^^^ 



d-2 , 
9 / tanhf — rr^) \ .o o 
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4 " \ -!^/te{tanhTKe)-i / 

4 \ -^«;e(smhr/te)-i / 

The ghost structure of the quadratic term in the exponent is similar to the matter one. 

1-loop vacuum amplitude By taking the trace of the propagator Eq. (|4.18j) . we have 

e>0 o>0 

This reproduces the expected partition function, with the correct spectrum, including the ghost 
contribution. If we take the open string limit N = 00 naively in the formula of Lq 

HA.47I2.133|) . namely at the Lagrangian level, we lose the information on odd spectrum. This is one 
of the indications that the 7 term plays a nontrivial role. Of course, we obtain the correct limiting 
partition function by taking the limit at the last stage of the computation, which is given above. 



External state As external states in Feynman graphs it is enough to consider monoid elements 
such as 

^A^,M,A,M.^A.'. = M e'^'^e-f^^-f^-f^'^^^^''^'"^-?^'^^^'' . (4.21) 

In fact, we can compute various perturbative diagrams by preparing a particular class of gaussian 
external states given by M = Mo,M^^ = sMq^, where these matrices were given in Eas. ()4.1U() . If 
we also take A = {—iWeP,0),X^^ = 0, this external field represents perturbative vacuum ci\p,ft) 
with momentum p, which represents the perturbative tachyon with proper normalization 

We omitted an overall ^0 because it drops out in the Siegel gauge action (|4.14j) . Excited states (that 
correspond to polynomials multiplying this Ap{^)) can be obtained by differentiating Ap{^)e^^^^^^''^^ 
with respect to general X,X^^ appropriately, and then setting A = {—iWeP, 0),X3^ = 0. Therefore 
an explicit computation of Feynman graphs with general X, X^^ , M, M^^ has many physical appli- 
cations. 



r-evolved monoid element It is convenient to have a r-evolved formula for a gaussian Eq. 1)4. 21() 
to compute Feynman graphs in ^-basis ^Oj. We can derive it explicitly by evaluating: 
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/ 



A 



iv) 



By gaussian integration we have the following formula 



(0- 



where 



M(r) 
A(r) 



sinh TK + (sinh rk + MqM ^ cosh tk) 
(cosh TK + MMq"^ sinh tk) ^ (A + iwp) 



(cosh tk) ^ Mq 



iwp . 



e 2'-sP ^ exp 



(A + ipw) (M + coth TK Mq) ^ (A + iwp) 



det (i (1 + MMq-I) + 1(1 - MMq-I) 



for the matter sector 10 and 



M^'^(t) 

Af^(T) 
AA^^(t) 



sinh rRf ^ + (sinh tk^''^ + eMl^M^^-^ cosh tk^^) ^ (cosh Tk^^y^eM^ 



cosh TK^^^ - Mf ^eMf sinh tk^'^ A^^ 



:e 4 



det ( ^(1 - M^^eMf-^) + + M3''eM^^-^)e-^^~^"^ 



(4.23) 
(4.24) 

(4.25) 
(4.26) 

(4.27) 

(4.28) 
(4.29) 

(4.30) 



for ghost sector. When we consider a class of monoid such that ^dhj^gh^gh -g SU{1, l)-symmetric 
and twist even^^ then the evolved M(r) also has this symmetry. We can see this explicitly by noting 
that f{K)Mf is a block diagonal and symmetric matrix (where f{x) is an arbitrary function). In 
this case with = eM9^\ where M^^' is a 2N X 2N matrix, the above formula becomes 



M^^iT) =e 
\^^{t 

M^^iT 



sinhr^s^ + (sinhTK^'^ + M^'^M^^'-^ coshrK^'^ 



{coshTk^^'^yHd^^ , (4.31) 



coshr^f'^ + M3^'mI^^~^ sinhr^f^ 

g- i A9'^e(M9''' +coth(rK9'' )M»'' ) - 1 AS'' 



-1 



det Q(l + MS^'m^-^) + ^(1 - MS'''Mo^'^-i)e-2-«'"^ 



(4.32) 



(4.33) 



We can use this reduced formula to compute the r-evolved monoid of n-th product of the pertur- 
bative vacuum: e~'^^° (^AQ{^)e~^^^ -k ■ ■ ■ -k AQ{S)e~^'^"^ because the coefficient matrix Mg"-* (|3.15j) 
in the quadratic term in the exponent is proportional to e. 

With the above preparation, we have all that is needed to compute the ghost contribution in 
various amplitudes, by following the methods that were developed in the matter sector in jlOj . 
^*We supposed that M is Lorentz symmetric. 

^^In fjHJ we defined 5*17(1, l)-symmetric and twist even monoid element which has = 1H.9I I. Here we permit 
A»'' / case. 
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4-tachyon amplitude The 4 point amplitude for tachyons is computed by putting together 
several diagrams that are related to each other by permutations of the external legs. For a typical 
4-pt diag ram f > - <| the MSFT expression is 

12^34 = y"d''xTr(e-^^«(^i(0*^2(0)*(^3(e)*^4(e))) (4.34) 

where r is the length of the propagator. When Ai{^), (i = 1, • • • ,4) are gaussians, we can compute 
this quantity easily by taking the ★ product between the pairs of gaussians H3.4H3.9() . evolving by 
r (|4.31jl . and computing the trace (|3.13|) . At each step we only use the properties of the monoid. 

In the case of tachyons, the matter contribution was already computed in JU]. For the ghost 
contribution, we set the external field to Af^{S,) = 2~^^(1 +ww)~^ e~^''''^^^o and obtain 



12 



< = (det(2mf))-i(det(l-(mg'^)2))2 



det I 4sinhrK- 



gh 



cosh tR,^^ + 



1 + (mf )2 



sinh TK 



-gh 



2-«^(l + u;ti,)2 (det(l + 3tt"))' 

2\ 



X det 1 



tt-l 

i + m 



det 1 



tt-l 

i + m 



(4.35) 



where = M^^a', t = Ks^'^Tko Including the matter sector jlUj we obtain 

,2^34 = 24('^-2)^(l + ww)--^+l (det(l + 3tt)f (det(3 + tt))-^'' {iTifd^pi + + Ps + Pa) 



where 



det 1 



tf_i g-fier\^ ] det ( 1 - f i%ie"''°^ 



l+3tt 



I l+3tt 



det 1 



tt—l „ — KeT 
3+tt ^ 



det 



1 _ ( tt-l p-Kol 
\ 3+tt ^ 



exp (-h'APi +P2)\r + air)) + I'.ip, +psfm + h'^Y^Phir)] (4.36) 



i=l 



a{T) 



VKo 



t ( l + tt + ^(l + tt)coth^(l + tt) ) t 



+ {l + tt + ^{l + tt) coth^ (1 + tt] 



Ko V . 



7(t) 



2vKo ^ I 4 sinh tKq + {1 +tt) sinh tKq (1 +tt) 



2(1 + tt) cosh TKo + 2 cosh tKq {1 + tt)\ Kq^v 



-1 



TK,- 



VKo ^ coth— — I 2 + (1 + tt)coth-— I Ko^V 



-1 



(4.37) 



(4.38) 



(4.39) 
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We note that the matrices tt, tt in the determinant factors in the matter sector come out inverted in 
the ghost sector. By integrating with the measure dre^ and adding permutations of the diagram, 
we should reproduce the Veneziano amphtude^'' when ah the tachyons are on-shell, llpf = 2 in the 
open string hmit Ke = e, = o, N = oo. 

Our formula (|4.36jl has a counterpart in the operator formalism. Although our expressions are 
simpler it is not easy to compare results analytically because of the different formalisms. We have 
managed to compare and agree with the determinant factor available in the computations in [2^] 
in the operator formalism, by inserting the MSFT ghost Neumann coefficients given in 1)3. 49(1 and 
matter Neumann coefficients taken from |^ 

= , CX^'' = , mf={ " ° \ . (4.40) 

The difference of normalization compared to [2^1 comes from that of cubic term of the action (|4.13() . 
We note that so far it has not been demonstrated yet that either the operator formalism or the 
MSFT approach reproduce the Veneziano amplitude analytically, although this is expected to be 
true. 



5 Discussion 

In this paper we provided the details of the Moyal star formulation for fermionic ghosts. Following 
the similar construction in the matter sector, the split string formalism was used as an intermediate 
step. However, as in the matter sector, the midpoint needed additional considerations to insure that 
MSFT is in agreement with the operator formulation of string field theory. MSFT then provides an 
alternative method of computation in string field theory which is in many ways simpler and more 
efficient. 

The regularization of the fermionic ghost sector, which is needed to avoid the associativity 
anomaly, is made consistently with the matter sector. The correctness of the formulation, including 
the regularization, was tested by computing the Neumann coefficients by using MSFT methods and 
comparing them to an independent computation that relies on conformal field theory. The MSFT 
result generalizes the Neumann coefficients by computing them for any set of oscillator frequencies 
Kg; i^o for any finite number of oscillators 2N. These agree with conformal theory results in the open 
string limit = oo. The agreement was established both analytically as well as 

numerically. 

In numerical study of string field theory one necessarily deals with a finite number of modes. One 
may debate which version of Neumann coefficients is more consistent for such numerical study: the 
finite version of the Neumann coefficients given in MSFT, or the level truncation of the infinite 
Neumann matrices practiced in previous literature? The numerical analysis that we provided could 
^"The expressions here are slightly further simplified than the ones in |10|. 
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be helpful in understanding the issue and developing the most appropriate numerical approximation 
scheme. We hope to address this point, together with numerical studies of certain quantities in the 
near future. 

The regularized MSFT formulation is now complete in the Siegel gauge. It has already been 
applied to the computation of perturbative Feynman graphs ^0] as well as to the analytic study of 
nonperturbative classical solutions of string theory, including the nonperturbative vacuum of open 
string theory I12j . 

An open problem is the construction of a regularized version of the BRST operator. The 
regularization is indispensable to tame the associativity anomaly and to have a well defined theory. 
Along with the successful regularization in MSFT, the BRST operator is also needed to insure 
gauge invariance in the general formalism, and to be able to work outside of the Siegel gauge. In 
particular, the BRST operator can be used to impose the additional gauge invariance conditions 
in the Siegel gauge on the nonperturbative solutions we have obtained in jj^l- Some of the issues 
surrounding this problem are outlined following Ea. H4.8|) . These remarks apply not only to MSFT, 
but also to any version of string theory that uses a cutoff of the string modes (including level 
truncation), since the Virasoro algebra does not close with a finite number of modes. A substitute 
for the Virasoro algebra at finite N, which tends to the Virasoro algebra at infinite N, is the key 
to solving this problem. 
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A Brief review of MSFT in matter sector 



A.l Half-string for cosine modes 

Here we review the split string formulation and its regularization which was developed in jH] and fix 
notation in this paper. Although it was constructed to formulate the matter and the bosonized ghost 
sector, we can apply the same formalism to fermionic functions which have a Fourier expansion in 
terms of cosine mode in the full string basis. 

A full string function (/>(cr) which satisfies Neumann boundary conditions at the end points 



— ( 
da 



0- 



a=0 



0, 



(A.l) 
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has a Fourier expansion in terms of cosine modes 

r 



(j){a) = (j)o + V2 2_] (f>n cos na , (f)o = — da(j){a) , 4>n = — / da (j){a) cos na . (A. 2) 

n=i ""-^o -^0 

Then spht string functions l{a),r{a) for (/>((7) are defined as 
I r(7r — cr) (f < cr < tt) 



6o = - / ' dc7(i(c7) + r(c7)) , = ^ / ' + (-l)"r(a)) cos na . (A.4) 



A. 1.1 Dirichlet at midpoint 

Spht string functions with Neumann boundary conditions at the end points and Dirichlet boundary 
conditions at the midpoint 

/'(O) = /(O) = , l{7r/2) = r(7r/2) = ^ (:= 0(7r/2)) , (A.5) 

have a Fourier expansion in terms of odd cosine modes o = 1, 3, 5, • • • 

oo oo 

Z(cr) = + \/2 cos OCT, r((7) = + \/2^ To cos OCT. (-^-.6) 

0=1 o=l 

The correspondence between {(^, Zo,ro} and {(f)e,<^o} is 

(p = (po- W<t)e , lo = (t>o + R<Pe , To = -(po + R(pe , (A. 7) 

<^0 = ^ + ^^'(^o + To) , = + To) , ^/^o = ^ (^o - ''o) , (A.8) 

where we used matrix notation for simphcity, and denoted 

„ 4 /"f , / e7r\ Ae'^i°-^+^ 

Roe = — da cos oa cos ea — cos 



2 y 7ro(e2 - o2) 

4oi°- 
ecr cos OCT = „ 
7r(e^ - 

2^/2i°-i 1 



4 /■§ Aoi°-^+^ , 
= — / acr cos ecr cos ocr = — r-^ t^t , ( A.9) 



■u„ = =— Too , We = a/2^ ^"^^ 



A. 1.2 Neumann at midpoint 

Spht string functions with Neumann boundary conditions at the end points and Neumann boundary 
conditions at the midpoint 

r(0) = r'(0) = , r(7r/2) = r'(7r/2) = , (A.IO) 
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are expanded in terms of even cosine modes e = 2, 4, 6, • • • 

oo oo 

l{a) = 4> + V2^le {cos ea -i") , r{a) = <}> + V2^re{cosea - i") . (A.ll) 

e=2 e=2 

The correspondence between split string and full string modes is 

(j) = (j)0 - W(l)e , le = (t>e+T4)o, = (jie - T(j)o , (A. 12) 

- 1 _ 1 1 

(pO = 4> + -^Wile + Te) , (pe = -{k + Te) , (j)o = -R{le - Ve) ■ (A.13) 

A. 1.3 Regular izat ion 

The infinite matrices T,R and vectors v,w defined in Ea. HA.10|) satisfy the following relations 

Roe = O^'^TeoC^, Roe = Teo + VoWe, I'd = ^ TeoWe, We = RoeVe ■ (A.14) 

e>0 o>0 

As noted in there is an ambiguity in naive computation using these matrices and vectors. For 
example, T has an inverse matrix given by R, and yet it has a zero eigenvalue Tv = 0. This is 
possible only because they are infinite dimensional matrices. It causes associativity anomalies. To 
avoid the ambiguous results that come from the associativity anomaly, a finite matrix regularization 
is proposed in 8_. We define N x N matrices T, R and A^- vectors v, w by 

Roe = iHo)~'^ Toe {^ef , Roe = Toe + VoWe, Vo = ToeWe, We = ReoVo , (A.15) 

where a bar means transpose, and we introduced a set of 2 A frequencies Ke,Ko- These relations are 
identical to the ones satisfied by the infinite matrices in Eq. ()A.14|1 , but we now use them as defining 
relations for finite dimensional matrices and arbitrary frequencies. We can solve the equations in 
Ea. (|A.15() explicitly in term of the frequencies 

2 2 
_ WeVoK-o n _ "^eVo^^e ( S. ^(^\ 

J-eo — 9 9 ) J^oe — 9 9 ) ^^A.iDj 
rug r\io "-e "'o 

1 ,1 



2 



By using only the defining relations we can show the following further relations for the regularized 
version oi T, R,v,w. 

TR = le, RT = lo, RR = l + WW, fT=l- vv, 

r^r=P, WW „ W WW 

TT = 1 —, Tv = —, vv = —, A.18) 

1 + WW 1 + WW 1 + WW 

Rw = v{l + idw), RR = 1 + vv {1 + ww) . 
The original T, R, v, w in Ea. (|A.10|) are reproduced by setting the open string limit: 

Ke = e , Ko = o , N ^ oo . (A. 19) 
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We note that at this hmit ww diverges 



N \ 2 / \ 2 



r(iv + i 



n=l '"^"-V \ - V^' ' 2 

A. 2 Some results in matter sector 

Here we summarize notation and conventions in the matter sector in MSFT.^^ 

A. 2.1 Oscillators in MSFT 

• Mode expansion in matter sector (/i = 0, 1, • • • , d — 1): 

oo oo ^ 

X'^ia) = + \/2 ^ x^^ cos no- = + ii\/2^ ^-(a^-a^„) cos no-, (A.21) 

n=l n=l 



P^l{(y) = - Pom + \/2 V pn^j, cos no- = - po^ + — == V + a^:„) cos 

vr \ ^ / ^ \ V 2a' ^ 

\ n=l / \ r!.=l 



no- 



Nonzero modes in matter sector 



V V 

On = - ie(n)-p-X|„|^ , (A.22) 

where we define the symbols l1 = 2a', k„ = n. 
Zero mode in matter sector, with Oq := IsPq 

where 6 is some positive constant. 



Position eigenstates 



{^Xq, Xn\Xfi — (xq , \ Xn , {xq , X^ \ Xq — {xq , X^ \ Xq , 

Xn\xo,Xn) = Xn\xo,X„) , XqIxq, X„) = XqIxq, X„) , (A.24) 



are given as squeezed states in Fock space 

1 „2,iV2^ 



(xo,a;„| = (xo|e V 11 ( ~72 ) 

n>0 s ^ 



^^In this subsection, we use the same symbols for matter as we did for the ghosts in the main text for some 
quantities, such as positions and momenta. We can avoid confusion from the context. We omit some definitions and 



details because we can refer to Ref.0 for them. 
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n>0 



— 



n.>0 









) ^ 




d 











1 ^2 _iv5. 



'"^"^ = y^b) ^ ^^-^^^ 

They satisfy normalization and completeness conditions 

{xo,Xn\x'Q,x'J = 6'^{xo - x'q) Y[ ^'^{Xn " x'J , 

n>0 

/ d'^XoY[d'^Xn\xo,Xn){xo,Xn\ = I ■ (A.26) 
n>0 

Oscillators as differential operators in position space 

{xo^Xnlaml"^) = --j= |^e(m)-^X|^| + Z^^- j (xo,Xn|^') , 

d 

{xo,Xn\ao\^) = -ilsT^{xo,Xn\'i') • (A.27) 

oxo 

Transformation from position space to Moyal space 

A{x,x,,pe) = (det(2r))'^/2y"dxoe-tP=^"°^'(xo,x„) 

= 2^{l + ww)~'^ j dxoe'^P'='^''°{xQ,Xn\'i>) =■■ {x,Xe,Pe\'^) , (A.28) 
where the midpoint x^ := (7r/2) is related to the center of mass xq through Ea. HA.21|) 

:=X^(7r/2) =x(^-^x^u;e, (x| = (xo| exp ^ip • ^ XgWe j . (A.29) 
The Moyal space {x,Xe,Pe\ is given by a squeezed state 

{x,Xe,Pe\ = (x|ei-^-«*'^°«^«"det(4«e'/2rK;V2)| 



2 2 _ 



(x|e^-5^-«^-^0«~«^ 2^'^(1 + WW 
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Moyal * product and trace: 

* = expQa^a^^ =exp^^(^ajr^-5^a;;^)^ , a = ie(^^^ J ^ , (A.31) 

TrA{x,0 = |det(27ra)ri j dxedpeA{x,C) = {2^6)"^'^ j dxedpeA{x,0 ■ (A.32) 

The normalization of a field A in Moyal space coincides with the normalization of its image 
in Fock space (|A.28|1 

{qi\qi) = J d'^xTr(A^{x,0*Mx,0) ■ (A.33) 

Oscillators as differential operators in Moyal space 

d _ 

(x,Xe,Pe|aol^) = -ils-Qz{x,Xe,Pe\'^) =■ Po{x, Xe,Pe\'^) , 

{x,Xe,Pe\ae\'^) = (^Pe " ^^o) {x,Xe,Pe\'^) = {P^ - w'^Po) {x,Xe,Pe\'^) 

= f3^{x,Xe,Pe\^) , 
(x,Xe,J)e|ao|*) =: l3l{x,Xe,Pe\'^) = ^ (x, , j5e | f^-e,o , 

These satisfy ordinary commutation relation: 

= e(e)«|e|W , WeM = e(e)«|e|W , We.'^l,] =0, 
[(3t, Pt'] = <e)K\,\5e+e' , Wo, fil,] = <o)k\,\5o+o' , We,fil,] = . (A.35) 



Oscillators as fields in Moyal space 



22 



-p-A = ^'^{(3,^A-A^f3.e) , PlA = sj'^{(3e^A + A^p. 

Pe ■■= — ^ ( -;^e(e)K|eF|e| + ^P|e| 



[/3e,/3e']* = e(e)5e+e'. (A.36) 
We can also define odd mode fields through a Bogoliubov transformation 

■^/k\^\Po ■= ^ .^K^lPeU-e^o ■ (A.37) 
^^The convention for /3„ here is the same as |12| = Pn, but differs by a factor from the convention in ^ 
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The following relations hold 



1 _ ]_ 

[/?o,/3o']* = e(o)5o+o' , [/?-e,/?o]* = -e{e)K^^^U-e,oK^o\ ■ (A.38) 
A. 2. 2 Butterfly projector 

The momentum independent butterfly state Ab{£,) satisfies 

= + = 0, Ve>0. (A.39) 

There is a unique solution in monoid 

Asiei = 2'^^ exp ^- ^ (^^Xe^CeXe + ^Pe^Pe) ^ • (A.40) 

It satisfies 

Ab^Ab = Ab, Tr{AB) = l. (A.41) 
In ordinary oscillator language, Ea. HA.39|l means 

ae|^'B> = 0, ^^^(aof/ro.e + a-of/oTe) l^s) = 0, Ve > (A.42) 

o>0 

for zero momentum state. Now we take the ansatz 

I^'b) = AAexp j ^^ra^Lai j \^) (A.43) 

\ m,n>l / 

which corresponds to a monoid element in MSFT. Then we have constraints for '■ 

Y,Y^o'^''U-_l,^, = ^oUoh o,e>0, Yg = Vg = Vg, = ^. (A.44) 

o'>0 

At the open string limit Ke = e, Kq = o, N = oo, we can show that the matrix which was 
obtained in [27| : 



" mn 



-(-1) 2 ^r[i^]r[ii+i] form and n odd 



2 2 J (A.45) 
for m ox n even 



satisfies Ea. HA.44p . Namely, we have obtained the correspondence: 

Ab ^ l^s) = exp f^-^L_2 j , for Ke = e,Ko = o,N = oo . (A.46) 
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A. 2. 3 Lq and Co 



In MSFT Lq in matter sector is defined as 

e>0 o>0 



' dXe 2 
e>0 n>0 



+ V f - ^.^^ + ^.'x^ + ^P^^ (TwA (A 47) 



e>0 \ e s ^-e s / \e>0 / 

The operator Lq can be rewritten in terms of a field Cq using Moyal star product, plus a remnant 
7 called the "midpoint correction term" J2], which is multiplied with an ordinary product 



Lo^^o = Wo) * ^/3o + ^/3o * 'Co(-/3o) + 7^/3o , (A.48) 
Wo) ■■= E (l^'e + ^4 - ^jwep^Po) + ww)Pi - ^ 5] K„ , (A.49) 

e>0 V s / „>o 

1 9/2 / \ ^ 

'Y^w^pA . (A.50) 



1 + WW 02 



ve>0 



The 7 term formally goes to zero as k„ = n, ^ oo, since tDw ^ oo. However, this is not true in 
computations due to contributions of the form cxd/cxd that are related to the associativity anomaly. 
In fact, 7 is indispensable to reproduce the correct spectrum of Lq 0^01 • The 7 term depends 
only on one special momentum mode p = {1 + iBw) ' X]e>o^e^'e which we call the anomalous 
midpoint momentum mode Pj jJJ • We can rewrite Cq in terms of oscillators 

Wo) = YKeP-e*l3e + ^ ( " «o J + ^{l + Ww) (3^ - j (WePe) Po , (A.51) 

e>0 \e>0 o>0 / 

and then, acting on the butterfly projector ()A.39|) . we have 

LqAb = iAb . (A.52) 



A. 2. 4 n-string vertex and Neumann coefficients 

Here we give brief review of the correspondence of n-string vertex and Neumann coefficients in 
MSFT. We note the properties of the momentum state and coherent states in Fock space, together 
with the corresponding Moyal images. 



• Momentum eigenstate (zero mode part): 

\po) = (27rW2)ie-^"o'+v^'="oPo-^pg|0), 
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(po|Po) = (2^)'5"(po-Po), 

(polxo) = e-*fo^o, (xoIpo) = e*^°"°. (A.53) 



Coherent state 



.23 



'-^Ki^J,l +ipWe 

2V2lsrp "2 .,* 



where we used the reflector 

1^2) = /|^|^(2^)^5'^(p«+p(^))e-^"^^(-^)"'^""'^^^^^^ (A.55) 
In particular WG liavG tli6 bra-kct correspond-Giice for cigcnsta/tGS of x^i'. 

12{V2\xo,Xn)2 = l{xo, • (A.56) 

Compute the n-string vertex for coherent states in terms of unknown Neumann coefficients 

T/rs T/fs T/'^s 
^(ra)' ^0{n)' ^00{n) 

X e-"^'''''''''i«)^''''-P''^^^^^^^^^^ , (A.57) 



Compute the trace of the Moyal images of n coherent states in MSFT 

= (-1)^ (det((l + moT - (1 - rnoD)"^ 2"^'^(1 + idwy'f 

X (27r)'^(5'^(p(i) + • • • + e^*"' , (A.59) 



'Here we introduce the bra coherent state. This is a different convention from that in [^. 
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2 

r,s 

10 



W'^e 

where we used 



mo := Moa = [ ^'^^ (A.60) 



CK*-'mo = -K*a , CK*~'moK* = -K*-'moK*C , C'(,_^)(mo) = -C'(,._,)(-mo) . 

(A.61) 



We note 



1 _ 1 

. 2T^,^ 2 



ml := K*-'moK* = { _? i 1 = -mo • (A.62) 

The sign is changed compared to that in ^9., because we used bra coherent state {^d to define 
the Moyal field A. 

The Neumann coefficients in the matter sector are obtained by identifying the Fock space 
and MSFT expressions and comparing the exponents^^ 

J d''xTT(^Ai{x,0*A2{x,0*---*Mx,0) =p(^'iK^'2|---(^n|K), (A.63) 
p = (-l)f^ (det((l + moT - (1 - moD)-^ 2"^'^(1 + ww)-f (A.64) 
and using momentum conservation 

+ p{2) + . . . + p{n)y Then one has the Neumann 

coefficients 



y^;^ = C (2i^*"imoO(,„,)(mo)K* - Sr,s) 

2 
n 



= -2K*"'moO(^s^r){-mo)K*W - , (A.65) 
^oow = 2WK*-^moO^,_,){mo)K*W - -WW. 



They satisfy Neumann matrix algebra as in Ref.^. For the 3-string vertex we write them 
explicitly 



— 1 . ,('4-^ ^rr+l 2 lb rfi; 







A^(0) := CV,Z = ^^V-^ ' -^^^^ ■= ^^rs[^' - -7-2 ' 

3(m*2 + 3) 0(3) 3{mf + 3) ^2 ' ^ ^ 

_ 1 _ 1 



^■*Here we defined the Witten's * product using the ket IV3) as Eg. 12.81 which is different convention from that in 
Also, here we have included the overall normalization p which does not play a role in the computation of the 
Neumann coefficients. 
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where we redefined as Vqq^ = Voo(5r,s using momentum conservation. We used the notation 
id = {we, 0) , and t = kI^'^Tko 

• Fermionic ghost Neumann coefficients for the 3-vertex can be derived from matter Neumann 
coefficients for the 6-vertex 

X := (-1) V^(l^(6) - ^(6) 



X^l := i-iy^' ^{V^i^,^ - VX^))l-' . (A.67) 

This gives 

3mf + 1 3m*2 + i 3^71*2 + 1 

yjo) _ 4mg2 w ^(+) _ 2mg - 27hf w y(-) _ 2mg + 2mf w 

where we defined 

ml := ^/K^fnl—= = y/K^K*^^mQK* —= . (A.69) 



B Derivation of regularized matrix formula 

Here we sketch a derivation of fundamental formulas for regularized matrices presented in ^2.1.31 
We begin from the defining relations in Ea. (|2.37p . The first two equations imply Ea. ()2.43p and 
then from the remaining equations we have 

o e 

where 

Qeo '■= —, r , (B.2) 



Kg 



with e = ±2,±4, • • - ±2/^, and o = ±1, ±3, • • • ± (2A^ - 1). Now we regard Q = {Qeo) as a 2iV x 2N 
matrix and compute its inverse 

To prove the above formula, it is convenient to define a rational function f{z) which is determined 
by the setup {N, ) uniquely: 

Next we compute {Q~^Q)oo" ■ We use contour integration and residues, where we denote the residue 
of f{z) at z = zq as KeSz=zof{z) and assume that the frequencies Kg,^^ are nondegenerate and 
finite 

< - k'o Uo'M'^'e - <') neVe('^o " '^e') _ V- -ReS^=^^/(z) Ue'K " <') 

2^ r^' 



K 
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\\e'K-<') I dz f{z) 



This shows that we have the correct inverse matrix Q ^. 

Similarly, we can obtain (fg)^, [w'^Y Eas. (|2. 4512.44 j) as follows:^^ 



/ \2 



Kes2=K'^ — = :prf — ^Kes^=o^ 



rie' ^e' Ho'^ol'^o' '^o) 2 ne'>0 '^1' Wo'>0,o'^\o\i'^1' ~ '^fo|) 



(B.6) 



e'i^Jy^e ^e') ° ^(^ Kg) Yie'^ei'^e ^'e') ^iz Kg) 

rieYe '^e' Ho'l'^e " ^o') _ ne'>0,eV|e| ^e' no'>o(^fe| ~ ^o') 



(B.7) 



Do' '^o' rie'^el'^e ^e') ^ no'>0 '^o' ne'>0,eY|e| ('^fel ~ ^e' ) 

where we assumed k'^, k'q are nonzero and Eas. H2.42[) . We note that the above formula HB.6IB.7|) 



can also be rewritten as 



.'>2_lo„. /(O) ,,.,,>2_lo„. /W 



Now we consider the open string limit ()A.19|) . By setting the open string limit N 
oo, the rational function f{z) ()B.4|) becomes 



^ = "^=^^' = (cos ^) ( A sin ^) ' = . (B.9) 

With this formula and Eo. HB.Sf) we can show that the regularized quantities reduce to the original 
ones in Eq. (|2.35j) . 



C 6c-ghost sector in position space 

Here we consider the ghost position space representation of the n-point string vertices for n = 1, 2, 3, 
starting with the Fock space formalism. 

^^We choose the sign convention of w'^jV^ such that they are consistent with Eg. 12. 3511 . 
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Identity state 



vo>0 / \ e>0 



{co,Xn,yn\I) = ^ H ((^^^^e) " 2(-l)tco)) . (C.2) 

\o>0 / e>0 

This is BRST invariant |2] although the form is rather comphcated. 



Reflector 

\V2)u = (ft^^ - f ))eS.- .(-ir(^^^^^^^^a^^^^)c«cf c^^h?\nh , (C.4) 

oo 
n=l 



3-string vertex 

1^3)123 = ^'■-^(-'"'''''"''''-^^^^^^ , (C.6) 

= - det (5-<^. + X-J(4^)-u)y«)(4^)-u)yf)(4^)-^,(3)),^ (C.7) 



where we used the relation pT| [2^] . 



X'^g = (J'-^ + X"^)^. (C.8) 



Witten's star product in ghost position space 

r . ^W'r■(2)w„(2) , (3) , (3) 

,T, , w ,T, ^ ^ / ^ 2 , 3) axn ayn axn ayn 

Xi(co, y„|2(4'\ yi')|3(4'\ 4='\ yi'V3)l23^l(4'^ 4\ 

, (2) , (3) dx'n^dyi^^ dx^n^dy^n^ (2) (2) (2)1 , (3) (3) (3)|t.\ 

"Co del Z^ii — iWO,a;n,yn|2(co \x\,> ,y\'[i{cl 1 1^3)123 

xvi/i(-4^\-(-ir42),-(-iry(2))^.2(-4'\-(-i)M'\-(-iry^ (c.9) 

where 

i(co,x^r^y„| := i2(^2|co,x„,y„)2 = i(-co, -(-l)"yn| • (C.IO) 
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D Moyal ★ for (DD)^ (NN)^ split strings 



In this appendix, we examine the remaining choice of the midpoint boundary condition for the 
spht string variables as compared with our discussion in section 12.31 Namely, we consider Dirichlet 
boundary condition for b{a) and Neumann for c{a) at the midpoint cr = 7r/2. In this case the left 
and right half of b{a) : l'^{a),r^{a) satisfy Dirichlet boundary condition at both a = 0, 7r/2, and 
those of c((t) : l'^{a),r''{a) satisfy Neumann at u = 0,7r/2. The l''{a),r^{a) and Z^(cr), r^(cj) are 
expanded in terms of even sine/cosine modes respectively 

2 _ °° 2 - °° 

[''(a) = -ab + iV2y^llsinea, /(cj) = -cj6 + i\/2 V sin ea , (D.l) 

e=2 e=2 

oo oo 

r(cj) = c + \/2^/^(cosecT-i"), r^(a) = c + ^2 ^ r^(cos ea - i") . (D.2) 

e=2 e=2 

From Eas. H2.69()H2.7U()H2.27|) ()A.12|) . we have relations between split and full string variables: 

b = WXo , = Xe + Txo , r-g = —Xe + Txo , (D.3) 
c = co-wye, ll = ye + Tyo . rl = ye- Tyo . (DA) 

With this setup Witten type product in the split string formulation becomes: 

A' * B'{b, c, t le, r'e, K) = jW (id^ldiii) c, t II, r?g^ rjl)B'{b, c, r/g^ -r^l, r^) . (D.5) 

e>0 

where the split string and full string fields in position space are the same 

i'(6,c,/g^/g^rg^rg^) ~ *(co,x„,y„) (D.6) 



by substituting on the right hand side the inverse maps obtained in Eqs. ()D.3|)()D.4|) 

= lilt - r',) , Xo = Uob+^Soeil'i + rl), (D.7) 

Co = C+^We{ie + re), Ve = \{le + r'e) , V o = \Roe{ll - r^) . (D.8) 

These relations are valid only when iBw = co in the limit: N = oo. 

As the next step, we consider the Moyal formulation, including the regularization with {N, Ke, Kq). 
Comparing Eas. (|TX3|)(|m|)(|n31) with Eo. lfT^ . we identify 

X ~ fxo , y ^2xe, x r Tyo , y ~ 2ye , 

and define new variables with even index E by 

XB:=rxo, yE-=Tyo. (D.9) 
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At the limit N = 00, T has a zero mode ■u ()2.34|) and we meet as usual the 

associativity anomaly, but at finite everything is well-defined. From Eq. (|2.63'|)()D.6|) we obtain 
the Moyal image A' {b,c, XE,PE,yE, Qe) of the position space field ^'(co,x„,yn) : 

A'{b,c, XE,PE,yE,qE) 

= 2-2^ / H {rUxedye) e-^P^'^^-^'l^y^A'ib, C, Xe + XE, Ve + VE, -Xe + Xe, Ve " Ve) 
e>0 

= 2-2^ / J] {r^dxedye) e-^P^'^^-^'i^y^^ic + wye, Xe,ub + SxE, ye, Rve) , (D.IO) 

'' e>0 

and the corresponding Moyal -k product becomes 

■k = e '^\S^E 3PE dVE SlE dPE S^E BieOve) , (D.ll) 

In this case, the above formula is more complicated than our previous choice due to the additional 
6-ghost midpoint mode b. 



E Ghost butterfly projector with even modes 

The butterfly projector in Ea. (|2.126p is based on the odd mode oscillators in Eg . (12.101) . There is 
another choice using even mode oscillators Eq. (|2.14fl|) 

= /3^^*i'^ = i'^*/?^^ = i'g*/3i^ = 0, Ve>0. (E.l) 

Explicitly, we have the even butterfly state 

^E = Co 2-^^ exp i- [ix'eKexl + ^pWpI^ j (E.2) 



e>0 

in the Siegel gauge. 

As we will see in the following, the even butterfly is the one defined by Gaiotto-Rastelli-Sen- 
Zwiebach(GRSZ) using twisted ghosts |25j . The conditions in Ea. ()E.l|) correspond to 

6e|*B)=0, Celt's) =0, 

{^oUlle + b-oU-l) I^S) = , Y iUe,-oCo + Ue,oC-o) l^s) = (E.3) 
o>0 o>0 

for all e > in ordinary oscillator language. If we take a gaussian ansatz 



\^b) = AAexp Yl ^-mVinb-n \ ci\n) , (E.4) 

\n,m>l J 

the above conditions become 

= = K?' = , e, e', o > , (E.5) 
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E ^o^of^r,\e = -U;,e , e > , (E.6) 

o'>0 

^V;^,C/e,-o' =C/e,o, e>0. (E.7) 



o'>0 



We can solve Ea. (|E.6|) by comparing it with the matter one (|A.44p as 



ran r— ' nm v " " y " ""^ mn , „ 

' m+n 



.r[4^]r[%i] form and n odd ^ ^^^^^ 
for m or n even 

We can check that this satisfies Eq. ()E.7|) . The ghost butterfly which we have obtained in MSFT 
as above can be identified with GRSZ's (twisted) ones j25p^: 

A'^ •s-^ l^s) = exp ^— -L'_2^ for Kg = e, Ko = o, = oo . 

The relation between the matter and (twisted) ghost generating functions is obtained by using jJH] 

d ~ 

—S{w,z) = S{z,w) 
where we defined the generating functions 



m,n=l 
oo 



m,n=l 



z{w -z)^ f{z) f{w) - f{z) ' 



~SizM--= E {-zr-\-^rSmn = + 4^ i^^,,^, , (E.IO) 



\ m,n=l / 



exp I ^ C-m-Smnft-n ) |^^') (E.ll) 
, m,n=l 



namely 



Here we have = 5'mn for the conformal mapping f{z) = which represents (canonical) 



Smn — l=Snra\f^ — ~\pf^Smn~i= ■ (E.12) 

Jn Jn 



butterfly state e"2^-2|r2) i2.7 and the relation Eq.(jK3 



F Algebra of gaussian operators 

We discuss algebraic relations for gaussians constructed from bosonic and fermionic oscillators 
which we used to compute the propagator ()4.17|) in MSFT. 

There is a correspondence for the vacuum: Ci|f2) ~ . 
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For bosonic oscillators: a, a^, [a, a^] = 1, we can prove a formula 



i'^ Aa'' +aBa 



e 2 



X e 



|Trlog(cos(2VAB)) iat tan(2VAB) VABB-^at 



-atlog(cos(2v^))a I 



aB 



(F.l) 



using a similar method to Appendix A in Here A, B are symmetric matrices: A = A, B = B . 
Then we have 



g-iTrlog(cos{2v^)) 



X e 



^r|ta.n(2^/AB)^/ABB-'^■r|-^^B 



ta,n(2V AB) 



'cos(2VAS) 



(F.2) 



where we used the relation 



1 e^'^^e^^^'e"''^^ = e 



(F.3) 



We obtain the formula for the propagator 

nr Irr ^ f D Binl2s/ AB) \ 1 „ vC4 
= (27r)^ e^^Trlogl^^ ^ jg-2'?tan(2vC4fl)^ ''^2'' tan{2v^) ^ si„(2v^) ^ , (^,4) 

When the momentum is nonzero in (|4.17l) . we need the modified version of the above formula: 

^-i^ri^ri'A-n' + J^^B^+Cv'^i^n' 



A T 1 --r 1 / o sin(2VAB) \ 1 



I ■>. I *„„^^.^^5■^ ' ' sin(2VAB) ' 



X e 



(F.5) 



For fermionic oscillators: a, a^, {cj, a^} = 5,^, we have a similar formula 



m'^ Aa^ +aBa 



^iTr(log cosh(2VAB))^ia"l' tanh(2VAB) VABB-^at 



X e 



-at log{cosh(2VAB))a ^ 



where A, i? are antisymmetric matrices A = —A, B = —B. Noting 



d_ 

dr] 



1, e^^^e-«V*^^^ =6*^'=''^ 



we obtain 



(F.6) 



(F.7) 



^vAv+i^B^^^-^r, ^ giTt{logcosh{2VAB))g|*?tanh(2VAB)v^B-i7,+ i€B 



1„ I 1 f p tanh 2VAB , 



'cosh2vC4S^ 



By integration we have 

_ i^' A^'j 

dri' dri' g 

1 / sinh2y/AB\ i 



det2 B- 



g2 'tanh2%/Ai3 ' ' 2 ' tanh 2VXB ' ' sinh2vC4S ' ^ 



/AS 



(Fi 
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G Neumann coefficients 



G.l Neumann coefficients from CFT 



In this subsection, we give a short summary of the analytic expression of Neumann coefficients 
given in which are obtained from conformal field theory. We introduce a set of numbers An, 
(n = 0, 1, 2, • • • ) which appear in the Taylor expansion, 



1 + ix 
1 — ix 



e>0 o>0 ^ ^ e>0 o>0 



(G.l) 



From these data, the Neumann coefficients {Nnm for matter sector and Nnm for ghost sector) 
are written as follows. First when n,m > and n ^ m, 



(-1)" A„Bm+B„A„ 
(n+m) 



+ 



(n—m) 



(-1)" / A„B^+BnA„ 



6 \ (n+m) 
(n+m) 



+ 



(n— m) 



+ 







AnBm^BnAn 

(n+m) 



An Bm-\-Bn A^n 

(n— m) 



(n— m) 



f (-1)" / AnBm+B,,Ar, 

6 \^ (n+m) 

+ \/3 I An -£^n Ani 

(n+m) 



_ AnBm BnA^ 

(n—m) 

An Bm~\~ Bn Ani 

(n—m) 



n + m = even 
n + m = odd 

n + m = even 
n + m = odd 

n + m = even 
n + m = odd 

n + m = even 
n + m = odd 



(G.2) 



(G.3) 



(G.4) 



(G.5) 



For the diagonal components (n = m > 0), they are replaced by, 

iVW = i- (^2(-l)"(l + - (-1)" - ' 



2(-l)"A„B„ 



Ar(±) 



3n 



For the zero mode, we use 



2n 



2 nn ■ 



2n 



(0) 

, (G.6) 



(G.7) 



(0) 



Om 



^(0) 



3m ^' 





-2 R 



-2 
3m 





m = even 
m = odd 

m = even 
m = odd 



3 m 

3m ^™ 

1 R 

3m -""^ 
W3 o 

3m 



771 = even 
m = odd 

m = even 
m = odd 



00 



1 33 



(G.9) 



There are some differences in the convention to make direct comparison of these quantities with 
the corresponding ones obtained in Moyal language which are given in (|A.66|IX.68|) . We summarize 
them as follows. 



60 



Xtt^ (eft) ^ mNtt^ , xiV^ {eft) ^ mN^t^ . (G.ll) 

The sign factor in 7W(0'±)(c/t) comes in because we include the multiplication of Cnm — (~l)"<Jn,m, 
in the MSFT definition. 

G.2 Ratios of MSFT-regulated and CFT Neumann coefficients 



The MSFT-regulated Neumann coefficients are discussed in sect ions 13 . 2 13 . 31 and I A . 2 . 4l The numer- 
ical ratios Mf) {N) /TM^' and xf^ (N) /X^J (c/*) for e, e' = 2, 4, 6, 8 at TV = 5, 20, 100, 400, 
shows the convergence of these to the CFT values in the large limit. 
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1.26065 


1.29343 


1.32697 
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1.07517 
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1.02544 


1.02988 
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1.07517 
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H Twist and SU{1, 1) in the Siegel gauge 

The twist operator is usually given hyn= (-1)^0. In MSFT this becomes 

PnM^^Xe,Pe;S.O,Xo,Po,yo,qo) = A{x,Xe,-Pe;S,o,-Xo,Po,-yo,qo) ■ 
This follows from 

^Xg, Xe, Xq, Cg, Xg , , J/g f2 = ^Xo,Xg, Xo',Cq,X^ , Xq , |/g , 

When we use the even variables Xg,Pg,Xg,Pg, we have the expression 
The SU{1, 1) generators are given by 

oo 

g := ^(c_„6„ - 6-„c„) (= iVgh - (co^o + 1)) , 

n=l 

oo oo ^ 

X := - nc-nCn , y := -b-nK 

71=1 n=l 

by oscillator representation j3Uj j31j . In MSFT we translate them as 

on the fields in the Siegel gauge. These operators satisfy the su(l, 1) algebra: 

They are derivations with respect to the Moyal * product: 

In fact, the above 1) generators HH.5|) are inner derivations 



o>0 e>0 

o>0 e>0 o>0 e>0 
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By Eas. HH.3IH.7|) . we can restrict solutions of the equations of motion (|4.15|) to the twist even and 
5C/(1,1) singlet sector: 

$^Aio = Aio, /3a^(6 = o, d = g,x,Y (h.9) 

in the Siegel gauge consistently. In fact, we note that in the Siegel gauge 

0^,Lo] = o, d = n,g,x,Y, 

P^{A *A) = 0^A)i0^A) = iP^A) * iP^A) , i := (H.IO) 

from Eas. H4.1UI4.11() . This condition (|H.9() can be used to search for the nonperturbative tachyon 
vacuum. PU] 

In MSFT, it is convenient to note the monoid structure (3S1). It consists of gaussian Moyal 
fields: ^a^,m,a = Me~^^^^~^^. We can consider the twist and SU{1, 1) symmetric class within the 
monoid. From Eas. HH.3IH.5|) the restriction by this symmetry ()II.9|) of a monoid element Aj\f^M,xi(,) 
is given by 

f M' \ , f A \ - - , , 

M = eM':=\ M'= , A = A, B = B, A = H.ll) 

y -M' J \ B J 

in the basis ^ = {x^,p'^,x'^,pf)'^'^ . Namely, the coefficient matrix of the quadratic term in the 
exponent becomes block diagonal and symmetric. For example, the perturbative vacuum and 
butterfly states (|4.22IE.2|) are of the form of ()II.11|) . Their r-evolved gaussians are also in this 
class (|4.3ip . We note that this class of gaussian is not closed within the monoid because of twist 
operator which changes the sign of noncommutative parameters 6, 9' in the Moyal * product, while 
the SU{1, l)-symmetry is conserved in the Siegel gauge by Ea. HH.7|) . 
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